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Stationary Ergodic Diffusion Model

O Observations : X = CQV%BE, dim(X;) =d, Continuous

O Parameter : 0 c© CRP, dim(#) =p, © : open bounded convex

O Model : dX; = Vo( Xy, 0)dt + V(X¢)dwe, Xg ~ vy
Vo:REx® - R4 V:R* - RIQR"
w = (wy) : r-dimensional standard Wiener process

d
vg . stationary distribution with a positive density =0
’ dx

O Log-Likelihood :

1

> <o2\<@ YWo(Xy,0)dt

(0) =109 2 + [T VGOV THX, )X, -

O Estimator : %ﬂ : A;quvwmﬁovﬂ_ — @wﬂ c

O Asymptotics : 1T — oo



Estimation for unknown parameter 6 in drift function V|

O Parameter of interest : § = (01,... ,0P) € © C RP,
dXi = a\OA;vm‘T %v&w + A\A;XMV&ST »vm‘O ~ vy, tE _HOQHNJH_

O True value : 6g € ©.
0 Conditional MLE 9% : 6,60y =0, a=1,...,p, da=0/06.

() = [ VWV (X, 0)dX

A 5 <o:\< Y Vo (X, 0)dt.

0 (Exact) MLE 07 : 6,4(07) =0, a=1,...,p, 8, = 0/00%

£(0) = 109 " (Xo) + £)(6).

O M-estimator mz% L g % ) =0, a=1,...,p, for an estimating
fuction ¥ = (Y1:,... ,¢¥p:).



Literature on distributional expansion for ergodic diffusion

O Second order
¢ Yoshida(1997) : martingale expansion, (global approach)
(conditional) MLE, d=1,p=1
¢ Sakamoto-Yoshida(1998) : M-estimator, d=1, p=1,
Numerical studies on (conditional) MLE for OU, etc
¢ Uchida-Yoshida(2001), (Mykland(1992, 1993))

O Third or higher order

¢ Kusuoka-Yoshida(2000) : e-Markov mixing, (local approach)
Diffusion functional having stoch. exp. , arbitrary d, p

¢ S-Y(1998) : third order MLE, arbitrary d, p

¢ S-Y(1999) : representation of expansion,
third order M-estimator, arbitrary d, p

¢ S-Y(2000) : under degeneracy

¢ Sakamoto(2000), Kutoyants-Yoshida(2001)




Second order expansion of MLE for univariate ergodic diffusion

Theorem 1 (Yoshida(P.T.R.F.,1997)). For any 6§ €¢ © C R, Let
X = Cﬁ%ﬂoﬁ be a one-dimensional stationary ergodic diffusion pro-
cess satisfying dXy = Vo(Xy, 0)dt + dw; with a stationary distribution vy
given by

ng(x)
/2% ng(u)du

Suppose that sup,cg 0:Vo(x,00) < 0 and that |6'07Vy(x,0)| < Cii(1+
1z|%31), Vz,0. Then it holds that

vg(dr) = dr, ng(xr) = exp A\oa 2Vo (u, %v&:v.

P(VIT(BS — 6o) < z) = d(x) + %E _ Ba?)é(x) + 5(T1/2),

where T = vy, ((6V0)?), A = —v,(8Vo - k)/(213/2), B = —{vp,(6Vp -
52Vp) — vp, (6Vo - k) }/(213/2),

k= —ngy(@) ™" [ 2ng, () ((8Vo(u, 00))% — 1(80))du.



N

umerical study on expansion of mﬁ@ for OU in S-Y(1998)
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Third order expansion of MLE for multidimensional diffusion

Theorem 2 (S-Y(1999)). Let M, v > 0, and p > (p®). bmm:Em
that [L], [DM1], [DM2], [DM3] hold true. For any § € C3(©), I

9, = Op — B(6r)/T. Moreover assume that the diffusion process X :mm

the Qmogmﬂznms\ strong mixing property. Then there exist positive
constants c,C, € such that for any f € £(M,~)

E[f(VT(0; - 0))] — \ dy'? f(y O gro(y )| < cw(f, CT-EF2/2 520Y  o(T7Y), (1)

where

1
ar2(y?) =o(y(?; p) A

}\@@o on_ ab 4+ Dua AV X on
Capch™ (Y~ p™) /\ﬂoQ — B)R*(y'?; p™)

|\w* }\@@ on. F@@@& on.
._.mﬂ awh® (W p mﬁia& (y'Y; p™)

1
7 @@QO&@%D@@Q&@%A@AOV_ b@@vv




Coefficients in asymptotic expansion(1)

. —~ H i
— * 1/3 -1
Pab ”ﬁ?? Ab@@v — Ab@vv Hu Cabe — |w_IMPo\ vv Y =p"—- A" pt = |Mb@@ b@o_lwob\vu

= — Tap — p~ Aﬁ@&b + Fabed = Facpd = Fla,el b,d] T 2Fab,el,d T 2Fac),d T 4Fb,d) ac
+ Fleap),a + 2Fp.],a,d T 2F :pni_bv
cd e (=1)(-1) 1) (1) 1) (D) (-1) 1 Cv A 1)

I_I P P %AM_Iomv _I&ﬁs _Iamnvm_lw&iw I_I 1o&m A_I@?% I_I j%@v@ v l_l _Imm DvA_Iw&% @&% vv

+ paapoy (1 = B (" — B”) + 2paa (AN, — 6,8Y),
Cabed = —L2(Fljap),eld T Flapl,cd T Flave,a) T 3Flap)fe.d] — 4Fabed

+ 1208, P paa (B — ) + 1207 (FG D + 10D,
() l-a = (1) 4 1)
1@@@ — ﬁ@?o o TJ?“SB MU TJ? b],c 5*@ |b@@ A_I@o b @o a' v
(ab,c)
The coefficients c¢*
7, and A.

Ax, chy g and b@g\gg\ — m@\v are functions of F,

abc’



Coefficients in asymptotic expansion(2)

ﬁ\w?\ww — N\%OAmK&H ) m\wwv ﬁ\»p [As,A3] — N\%OAm\&H ) _Hm\ww | m\»wu_vv
Flay,45),[43,44) = Voo ([Ba; - Bayl - [Bag - Ba,l),
Fl1a; A5),43),44) = Voo (L[BA; - Ba,l - Basl- Ba,l),

where B(z,0) = V{(VV') " 1Vo(x,0), Ba(x,0) = Say - - 00, B(x,0),
ba; = 0/00%, A=aq---ap,

/1= - iqﬁ V(f)) \.3 N\S = f—v(/),

A= Mu<o§, %oV + M MUS%H:\:@

1=1 1,9=1 k=1

M
OxtOx)

ox?



Third order expansion of MLE for CIR model

dXiy = (p—qX)dt+rvXedwy, 0 = (p,q), © ={(p,q) : 2p>r > 0,9 > 0}

= 2 Flo=Foi= > ="
L= 50— r2) 12 = Fo1 = —-3, 22= 5
4q 2
F = _ . F — . F — F =0
:JH”_“H Q\.MAMNQ . Q\.MVM _HH_J”:“M AME . Q\.Mv _HH_JM_“H_. _HH_JM_“M
1 D 3q
Fl22)1 =2 222 = T2 Fliana = 2(2p —12)3" 11,2 =0
2
Flia)[22) = — 2(2p — 12)q’ Fli2)1,2) = Fl1,2)[2,2) = O
p 3q 4
Fl22)[22) =

) F — ) F - =
243 [[1,1],1],1 r2(2p — 12)3 [[1,1],1],2 r2(2p — 12)>2

ﬁ:rs&p Hﬁ:r:b_b — ﬁ:rm:: — ﬁ:rm_bb =0
Fli1,2121,1 =F[1,21212 = Fl2.21,111 = F2,21,112 = 0

1 p
a1 == 52 fe222= 55
1 2 2 2p
A=A ”OU T11 ”m_._UO_V\Am_m_\j_\jm:J“_._o T12 — 721 ”qv T2 — 5 5"
r<q q-Tr
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Stochastic Expansion of MLE 0 (p=1)

e MLE 0 607(07) =0, §=208/00, : Likelihood eq.

e T hird order stochastic expansion

. 1
v MJA%MJ - %Ov ”»WMJAN”_L va va I_I /\|mwv
1 1__,_ >
St(z1,22,23) = 21 + NG + 5U2 V371
1/1 1
+ T AWAE -+ wmeNw -+ Wwwmwmm -+ NHNW + Mwwmwv :
where t; = —1Ey,[620r(00)], U3 = 20, " Eg,[6%6r(00)], Va = %05 " Eg,[6*47(60)],
1
Z1 =——05607(6
1
Z> Hm@m A%mimov — Fy, Emmﬂgo:v

7= A%Emov B, awm%g_v.
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Derivation of valid distributional asymptotic expansion

Elf(NT(0r — 00)] ~E[f(Sr(Z1,Z>,2Z3))], S : stoch. exp., <« (Delta method)
~ \ F(Sp(21, 22, 23))pr(21, 22, 23)dz1d20d 23,
pr . valid asymptotic exp. of (Z1, 25, Z3)
_ \ F(21 + Qr(z1, 20, 23))pr(21, 20, 23)dz1 dzadzs
St =21+ Qr
~ [ +0G)Qr + 50 () Qi (2)ds
< (formal) Taylor's expansion
H\imbﬁﬁlmv\@%ﬂ%m%w._. WT@%\@%&S&SV dz1
< IBP over R

For the validity of pp, the regularity of the distribution of (Zq, Z», Z3)
O non-degeneracy of covariance matrix
O Cramér type condition
— non-degeneracy of the Malliavin covariance

12



Linearly parametrized diffusion model

dX; = —0m(Xp)dt + dwy, 0 >0
For this model,

0r(6) = _8 &s 2(Xo) — m\ m(X)dX; — |%\ m?(X;)dt
Zi=—g ?8 L0 X0) — Bld 109 22(X0)] - \ sgzgv = 0,(1),
A _1 HA%_OQ %%Cm ) — E[6%log %%Cm )] |\ m2(X v&v = 0,(1),
2 /\ﬂm 0 0 t
Za =g A% 00 0(x0) - El5*log %%cé_v — 0,2,
VT (O — 00) =Sr(Z1, Z2) + /\|m@
St(z1,22) =21 + w ANHNM + Mdmfu@wwv + WAWAE + wmeNm + mewwwm + prwv

T herefore, the previous asymptotic expansion for the general case can
be applied if (Z1,7Z>) admit a third order asymptotic expansion.

13



Linear and Linearly parametrized diffusion: OU-process

O Ornstein-Uhlenbeck process : dXy = —0Xidt 4+ dwy, 0 > 0.

1 T
07(6) =3 log(6) — X35 — 6 N&ﬁ — |% \ X2dt,
0

H T
1 =—— X2 X.d Jp = ————q~ xm||&
' ,\ﬂm A 0 +m@o \ ! §v 2 T \o ( MQOV

1
75 =0, -4
3 AV ﬂm%

Third order stochastic expansion becomes

VT (0r — 60) =Sr(Z1, Z2) + /\Imwv
1
St(z1,22) =21 + T ABS + @mHmwmwv
1 3
+ T AWOU; + 303) 23 + mewwwm + Nwav :

Can we obtain the valid expansion of (Z71,25) 7




Degeneracy of stochastic expansion

It3’'s formula says that

1 1

1
71— 070 = ——=g~ A xo+||| HW._.mxwvHo@Elo as T — oo

/\ﬂ 20 2
Z1 and Z» are asymptotically linearly dependent :

Cov[Z1,Z5] - 0 as T — ¢

O Decomposition

1

0 1
Sr(Z1, Zo) =5 (21) + m& ) + G

.mwu

where

1 1 1
»WMJOvANHv ”NH+MA|+|~H“WVN MJA A~\h+w~\Wv+M|%O~\w+
1 1

mcvlll N|||XXN.
T %ob A O|_|M%o > ﬂ|_| ov H
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Asymptotic expansion having degenerate component

St = 53 +upst B (S)] = Wrlf] + 5(ur), ur — 0 as T — oo

Theorem 3. Let m ¢ N, M > 0, v > 0, ¢1 > 0 and ¢ > 0 s.t.
m>~y/2+1,01>40—1,40>2m+ 1)V (d+ 3).
Assume (1) Vp > 1, mc_oﬂ__mﬁv__iM ._|m,c_SJ__rméuv__zM < 00,

(2) 3 Mxmv Qv Amﬁov MACV a, A%ongmmvv.

there exits a E:Q:o:m\ Er s.t. (3)Vp>1, suprllérllpe, < oo,
(4) 3a > 0, P[l&p| > 1/2] = O(ug),
(5) Vp > 1, suprp m_:_mﬂ_AHQ.onL < 00.

Then for any f satisfying |f(x)| < iﬁ + |z|7),

BIf(Sp)] = Wrlfl +ur [, f(@)geo(@)dz + B(ur).

where

goo(x) = — 0y Aﬁ_mmv | mﬁov = &@mﬁovAavv.

16



Rough sketck of the proof

1
E[£(Sr)] =E[f (5] + urE[0f(5$) ] + w2 \ dv(1 — v)E[0%£ (S + vurSTH[(S)#?)]

0

= \ f(@)Wr(dz) 4+ urBLF (S5 (SE] + o(ur)

- \ (@)W (de) + ur \ F@ B[R] (58S = 2]p™ (@) dz + o(ur)

gr(z) =

MAS 0)
B[y (S57)]85”) = 2]p ()
1 —ux ux rm%s ~ © e\ g~
”Awﬁvg\m \m E[®] AM%CZ_@%S = F]p°r (&)dZdu
1 . (0 5 1 1 w  iuS@ o(1)
— wur o Sy, N%n_v T mA ) du = \ ur o S mA d
Awﬁv&\m [e 1 (S77)]du (o)1 e [iue 7 ldu
”_. . . 0
e v&\m@:aﬁﬁﬁms:mwvmmv_&:
T
1 ) . 0
T2 :\ © \ 05" E[SD|SO) = 7]p™ (%) dFdu
T

1 . . 0
\ e \ e — OE[SP|SD = #)p™ (7) | dFdu = goo(a).
(2m)¢
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Validity of the formal expansion for OU-process

Mixing property of OU implies that Xg, X7, Z1 are mutually asymp-
totically independent, and ﬁ:mﬁmﬁoﬁm.

1 1
q¢ 1 5(0) (1)
- — — —_— =. m 3
mom A mp + on mm + mHv 00

where &1, &o, %v are independent and £1,& ~ v(stationary dist.).
This yields

E,@mv_m%Tﬂmisi G+ -8+ & =

%o M%o

In this way, the asymptotic expansion of MLE coincides with that of
M%ov. Consequently, the formal expansion for general diffusion is valid

in the exceptional case(OU-process).
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