
A
s
y
m

p
to

tic
E
x
p
a
n
s
io

n
s

u
n
d
e
r
d
e
g
e
n
e
ra

c
y

Y
u
ji

S
a
k
a
m

o
to

a
n
d

N
a
k
a
h
iro

Y
o
sh

id
a

H
iro

sh
im

a
In

te
rn

a
tio

n
a
l
U
n
iv

.
a
n
d

U
n
iv

e
rsity

o
f
T
o
k
yo

S
A
P
S
4
,

U
n
iv

e
rsité

d
u

M
a
in

e
,

L
e

M
a
n
s,

F
ra

n
c
e

D
e
c
e
m

b
e
r
1
9
-2

0
,
2
0
0
2

1



S
ta

tio
n
a
ry

E
rg

o
d
ic

D
iff

u
s
io

n
M

o
d
e
l

�
O

b
s
e
rv

a
tio

n
s

:
X

=
(X

t )
t∈

[0
,T

] ,
d
im

(X
t )

=
d
,

C
o
n
tin

u
o
u
s

�
P
a
ra

m
e
te

r
:
θ∈

Θ
⊂

R
p,

d
im

(θ)
=
p
,

Θ
:

o
p
e
n

b
o
u
n
d
e
d

c
o
n
v
e
x

�
M

o
d
e
l
:
d
X
t
=
V
0
(X

t ,θ)d
t
+
V

(X
t )d
w
t ,

X
0 ∼

ν
θ

V
0

:
R
d×

Θ
→

R
d,

V
:

R
d→

R
d⊗

R
r

w
=

(w
t )

:
r-d

im
e
n
sio

n
a
l
sta

n
d
a
rd

W
ie

n
e
r

p
ro

c
e
ss

ν
θ

:
sta

tio
n
a
ry

d
istrib

u
tio

n
w

ith
a

p
o
sitiv

e
d
e
n
sity

d
ν
θ

d
x

�
L
o
g
-L

ik
e
lih

o
o
d

:

�(θ)
=

lo
g
d
ν
θ

d
x

+ ∫
T0
V

′0
(V
V

′) −
1
(X

t ,θ)d
X
t −

12 ∫
T0
V

′0
(V
V

′) −
1
V
0
(X

t ,θ)d
t

�
E
s
tim

a
to

r
:
θ̂
T

:
(X

t )
t∈

[0
,T

] →
θ̂
T
∈

Θ

�
A
s
y
m

p
to

tic
s

:
T

→
∞

2



E
s
tim

a
tio

n
fo

r
u
n
k
n
o
w
n

p
a
ra

m
e
te

r
θ

in
d
rift

fu
n
c
tio

n
V
0

�
P
a
ra

m
e
te

r
o
f
in

te
re

s
t

:
θ
=

(θ
1
,...

,θ
p)∈

Θ
⊂

R
p,

d
X
t
=
V
0
(X

t ,θ)d
t
+
V

(X
t )d
w
t ,
X

0 ∼
ν
θ ,
t∈

[0
,T

].

�
T
ru

e
v
a
lu

e
:
θ
0 ∈

Θ
.

�
C
o
n
d
itio

n
a
l
M

L
E
θ̂
(c)
T

:
δ
a � (c)(θ̂

(c)
T

)
=

0
,
a

=
1
,...

,p
,
δ
a
=
∂
/
∂
θ
a.

� (c)(θ)
= ∫

T0
V

′0
(V
V

′) −
1
(X

t ,θ)d
X
t −

12 ∫
T0
V

′0
(V
V

′) −
1
V
0
(X

t ,θ)d
t.

�
(
E
x
a
c
t)

M
L
E
θ̂
T

:
δ
a �(θ̂

T
)
=

0
,
a

=
1
,...

,p
,
δ
a
=
∂
/
∂
θ
a.

�(θ)
=

lo
g
d
ν
θ

d
x

(X
0
)
+
� (c)(θ).

�
M

-e
s
tim

a
to

r
θ̂
ψT

:
ψ
a
; (θ̂

ψT
)

=
0
,

a
=

1
,...

,p
,

fo
r

a
n

e
stim

a
tin

g
fu

c
tio

n
ψ

=
(ψ

1
; ,...

,ψ
p
; ).

3



L
ite

ra
tu

re
o
n

d
is
trib

u
tio

n
a
l
e
x
p
a
n
s
io

n
fo

r
e
rg

o
d
ic

d
iff

u
s
io

n

�
S
e
c
o
n
d

o
rd

e
r

�
Y
o
sh

id
a
(1

9
9
7
)

:
m

a
rtin

g
a
le

e
x
p
a
n
sio

n
,
(g

lo
b
a
l
a
p
p
ro

a
c
h
)

(c
o
n
d
itio

n
a
l)

M
L
E
,
d

=
1
,
p
=

1

�
S
a
k
a
m

o
to

-Y
o
sh

id
a
(1

9
9
8
)

:
M

-e
stim

a
to

r,
d

=
1
,
p
=

1
,

N
u
m

e
ric

a
l
stu

d
ie

s
o
n

(c
o
n
d
itio

n
a
l)

M
L
E

fo
r

O
U
,
e
tc

�
U
c
h
id

a
-Y

o
sh

id
a
(2

0
0
1
),

(M
y
k
la

n
d
(1

9
9
2
,
1
9
9
3
))

�
T

h
ird

o
r

h
ig

h
e
r
o
rd

e
r

�
K

u
su

o
k
a
-Y

o
sh

id
a
(2

0
0
0
)

:
ε-M

a
rk

o
v

m
ix

in
g
,
(lo

c
a
l
a
p
p
ro

a
c
h
)

D
iff

u
sio

n
fu

n
c
tio

n
a
l
h
a
v
in

g
sto

c
h
.

e
x
p
.

,
a
rb

itra
ry
d
,
p

�
S
-Y

(1
9
9
8
)

:
th

ird
o
rd

e
r

M
L
E
,

a
rb

itra
ry
d
,
p

�
S
-Y

(1
9
9
9
)

:
re

p
re

se
n
ta

tio
n

o
f
e
x
p
a
n
sio

n
,

th
ird

o
rd

e
r
M

-e
stim

a
to

r,
a
rb

itra
ry
d
,
p

�
S
-Y

(2
0
0
0
)

:
u
n
d
e
r

d
e
g
e
n
e
ra

c
y

�
S
a
k
a
m

o
to

(2
0
0
0
),

K
u
to

ya
n
ts-Y

o
sh

id
a
(2

0
0
1
)

4



S
e
c
o
n
d

o
rd

e
r
e
x
p
a
n
s
io

n
o
f
M

L
E

fo
r
u
n
iv
a
ria

te
e
rg

o
d
ic

d
iff

u
s
io

n

T
h
e
o
re

m
1

(
Y
o
s
h
id

a
(
P
.T

.R
.F

.,1
9
9
7
)
)
.

F
o
r

a
n
y
θ

∈
Θ

⊂
R
,

L
e
t

X
=

(X
t )
t∈

[0
,T

]
b
e

a
o
n
e
-d

im
e
n
sio

n
a
l
sta

tio
n
a
ry

e
rg

o
d
ic

d
iff

u
sio

n
p
ro

-

c
e
ss

sa
tisfy

in
g
d
X
t
=
V
0
(X

t ,θ)d
t
+
d
w
t
w

ith
a

sta
tio

n
a
ry

d
istrib

u
tio

n
ν
θ

g
iv

e
n

b
yν
θ (d

x
)
=

n
θ (x

)
∫∞−∞

n
θ (u

)d
u
d
x
,
n
θ (x

)
=

e
x
p (∫

x0
2
V
0
(u
,θ)d

u )
.

S
u
p
p
o
se

th
a
t

su
p
x∈

R
∂
x
V
0
(x
,θ

0
)
<

0
a
n
d

th
a
t
|δ
l∂
jV

0
(x
,θ)|≤

C
j,l (1

+

|x| C
j,l),∀

x
,θ.

T
h
e
n

it
h
o
ld

s
th

a
t

P
( √
I
T
(θ̂

(c)
T

−
θ
0
)≤

x
)
=

Φ
(x

)
+

1√T
(A

−
B
x
2
)φ

(x
)
+
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ō(u

T
),

w
h
e
re

g∞
(x

)
=

−
∂
x (

E
[S

(1
)

∞
|
S

(0
)

∞
=
x
]p
S

(0
)

∞
(x

) )
.

1
6



R
o
u
g
h

s
k
e
tc

k
o
f
th

e
p
ro

o
f

E
[f

(S
T
)]

=
E

[f
(S

(0
)

T
)]

+
u
T
E

[∂
f
(S

(0
)

T
)S

(1
)

T
]
+
u

2T ∫
1

0
d
v
(1−

v
)E

[∂
2f

(S
(0

)
T

+
v
u
T
S

(1
)

T
)[(S

(1
)

T
) ⊗

2]]

= ∫
f
(x

)Ψ
T
(d
x
)
+
u
T
E

[f
(S

(0
)

T
)Φ

S
(0

)
T

1
(S

(1
)

T
)]

+
o(u

T
)

= ∫
f
(x

)Ψ
T
(d
x
)
+
u
T ∫

f
(x

)E
[Φ

S
(0

)
T

1
(S

(1
)

T
)|S

(0
)

T
=
x
]p
S

(0
)

T
(x

)d
x
+
o(u

T
)

g
T
(x

)
:=
E

[Φ
S

(0
)

T

1
(S

(1
)

T
)|S

(0
)

T
=
x
]p
S

(0
)

T
(x

)

=
1

(2
π
)
d ∫

e −
iu
x ∫

e
iu
x̃E

[Φ
S

(0
)

T

1
(S

(1
)

T
)]|S

(0
)

T
=
x̃
]p
S

(0
)

T
(x̃

)d
x̃
d
u

=
1

(2
π
)
d ∫

e −
iu
xE

[e
iu
S

(0
)

T
X

TΦ
S

(0
)

T

1
(S

(1
)

T
)]d
u

=
1

(2
π
)
d ∫

e −
iu
xE

[iu
e
iu
S

(0
)

T
S

(1
)

T
]d
u

�−→
1

(2
π
)
d ∫

e −
iu
x
E
[iu
e
iu
S

(0
)

∞
S

(1
)

∞
]d
u

=
1

(2
π
)
d ∫

e −
iu
x ∫

∂
x̃ e
iu
x̃
E
[S

(1
)

∞
|S

(0
)

∞
=
x̃
]p
S

(0
)

∞
(x̃

)d
x̃
d
u

=
1

(2
π
)
d ∫

e −
iu
x ∫

e
iu
x̃ (

−
∂
x̃
E
[S

(1
)

∞
|S

(0
)

∞
=
x̃
]p
S

(0
)

∞
(x̃

) )
d
x̃
d
u

=
g∞

(x
).

1
7



V
a
lid

ity
o
f
th

e
fo

rm
a
l
e
x
p
a
n
s
io

n
fo

r
O

U
-p

ro
c
e
s
s

M
ix

in
g

p
ro

p
e
rty

o
f

O
U

im
p
lie

s
th

a
t
X

0
,
X
T
,
Z

1
a
re

m
u
tu

a
lly

a
sy

m
p
-

to
tic

a
lly

in
d
e
p
e
n
d
e
n
t,

a
n
d

th
e
re

fo
re

,

S
(1

)
T

=
−

1θ
0
g −

1 (−
X

20
+

12
θ
0 −

12
X

2T
+

12
X

20 )
Z

1

d⇒
−

1θ
0
g −

1 (−
ξ
21
+

12
θ
0 −

12
ξ
22
+

12
ξ
21 )
S

(0
)

∞
=

:
S

(1
)

∞
,

w
h
e
re

ξ
1
,
ξ
2
,
S

(0
)

∞
a
re

in
d
e
p
e
n
d
e
n
t

a
n
d
ξ
1
,ξ

2
∼
ν
(sta

tio
n
a
ry

d
ist.).

T
h
is

y
ie

ld
s

E
[S

(1
)

∞
|S

(0
)

∞
]
=

−
1θ
0
g −

1S
(0

)
∞

E [−
ξ
21
+

12
θ
0 −

12
ξ
22
+

12
ξ
21 ]

=
0
.

In
th

is
w
a
y,

th
e

a
sy

m
p
to

tic
e
x
p
a
n
sio

n
o
f
M

L
E

c
o
in

c
id

e
s

w
ith

th
a
t

o
f

S
(0

)
T

.
C
o
n
se

q
u
e
n
tly,

th
e

fo
rm

a
l
e
x
p
a
n
sio

n
fo

r
g
e
n
e
ra

l
d
iff

u
sio

n
is

v
a
lid

in
th

e
e
x
c
e
p
tio

n
a
l
c
a
se

(O
U
-p

ro
c
e
ss).

1
8


