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Pure-jump stable CIR process

dXe = (a — bX)dt + 6X/dLY, t>0 x>0

(0((1)-?2_ n)on-sglmmetric pu_re-jump Lévy process, strictly a-stable, with triplet
,0, F%) and representation

t
Lo :/ /zﬁ(ds, dz),
0

where i = p — 1 is a compensated Poisson random measure with compensator
n(dt, dz) = dtF*(dz)
where the Lévy measure is given by
Fo(dz) = %lRi(z)dZ, l<a<2
Self similarity : L; £ tl/“Ll.
The characteristic function is

E(e1) = exp <7|z‘a(1 — itan ?Sgn(z)» )

work
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dX; = (a — bX;)dt + 6XdLE, t>0 x>0
o Existence and uniqueness of a strong solution such that
P(X;>0,vVt>0)=1

if a>0, beR,§>0.

@ The solution satisfies
P(X: >0, vVt>0)=1

if a>0,beR,d>0.

Kawazu-Watanabe (71), Fu-Li (10), Jiao-Ma-Scotti (18)

Futu
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Parametric estimation : overview

@ Small noise and pure-jump stable process
dX = (a — bX,)dt + X/ “dLy, t>0, x>0

a € (1,2) known
Estimation of (a, b, d)

Observations : (Xia,)icq1,....n}» Bn = 0, nA, = T fixed, (T =1)

Maximising an approximation of the likelihood function (depends on «)
Consistency and asymptotic normality of estimators as n — oo and ¢ — 0
(with liminfen'=1/* > 0)

Ma-Yang (14), Yang (17)
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o Fixed step-size observations, long-time behavior
dXe = (a— bX)dt + 6XY*dLY, t>0, x>0

Estimation of (a, b), assuming b > 0

Observations : (Xja)ic(1,....n}, A fixed and n — oo

(X:) is geometrically ergodic. Explicit least squares estimators of (a, b)
(independent of v and 4) based on the equation satisfied by e?t X,

Consistency if a € (1,2) and rate of convergence ne=n/e? i
a e (1,152)

Li-Ma (15)



Overview Moment estimates Toy model Joint estimation Implementation Simulations Futur work
88 @0 (e]e] 00000 80000 0000 (e]e]

Moment estimates

We consider a pure-jump stable CIR process
dX: = (a— bX,)dt + 6X/*dLY, t>0, x>0

witha>0,beR, 6 >0, a€(1,2)

Proposition (B. Clément (23))

We have
O Vpe (0,a)
s, (300 X2) < Crar1+X0)
s<u<t
Q@ Vp>0
sup E (i> < +o0o
te[0,1] ti
V.

2. Proof based on the expression of the Laplace transform of a CBI process.
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Approximation results

Proposition (B. Clément (23))

O Vpe(0,a)
Eir, | sup / Xl/"dL"‘ < pc/a(1 + X
n tG[ l] n m
Q@ Vpe (0,c)
Eiriy SUP Xe — Xiza ’ < C/ (1+Xp 1)
o \tg[2 ,,, " nere
Q Vpe (0,a)

Bz, (‘ / (X = X ydLe

P
G ) 1
) < n2e/« 1+X 1 +

n

P
Xg

Futur work
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Results of efficiency in high-frequency setting on a toy model

@ Masuda (06), Brouste-Masuda (18) LAN property for (a, d, )

X: =x0+ at+ 35S/
S . symmetric a-stable process

e Diagonal rate in estimating 6 = (a, , @)

a7 ‘13 0
un, = 0 W (1)
0 0 ot

LAN property with singular information matrix (Masuda (06))

Eh%(S5)/6° 0 0
1(a,6,a) = 0 Ek2(Sf) /6% EK3(S&)/6a?
0 EKZ(ST)/6a  EkL(ST)/a’

with ho = @l /¢a and ka(z) = 1 + zho(2).

(extension to LY : b1 = Eh(yk(,(L‘f)/(§2 . 1 =TEh, k(,(L‘f)/(Sn:2 )
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Brouste-Masuda (18)
@ Non diagonal rate in estimating 6 = (a, 4, a)

1 1,1

_ T/a—1/2 0 _ 7%

tn = 0 Ly v V= vl
NGt n

1 log n
o o X Vyg =V
( 0 1 > "

Assuming

where V is non singular.

v
V22

Simulations
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Then the LAN property holds with non-singular information (extension to

L¢, the information is not bloc diagonal)
LER(SP) 0

v

1(a,6,0) = 0 T < EK2(S%) -

—E(kafa)(S1")

with fo = daa/Pa-
We lose log(n) in estimating simultaneously (4, a) :
Rate for § : /n/log(n), Ratefor a:+/n
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Joint estimation of 6 = (a, b, d, «) for the pure-jump stable CIR process

@ Observations : (X )icqo,....ny where (Xt)¢cjo,1) is a pure-jump stable CIR
process for the parameter value 6y € (0,00) X R x (0,00) x (1,2) =©

o Estimating functions method based on an approximation of the conditional
distribution of X; given Xi_1

X; ~ X + @ - @x, L+ 5o Xl/“O(L”O L20)).
n n

n

f,, solution of Gn(0) = —VolLn(0) =00n ©

1/ Xi — Xiz1 *£+2Xi—1

n 1/a n n noh
9)—5 log | ——¢a | n

sxMem" ax/s

where ¢, is the density of L{.

Clément-Gloter (19) (20) : SDE with Lipschitz coefficients, driven by symmetric
locally stable process
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Existence of the estimator

Theorem (B. Clément (23))

Let u, be the previous non-diagonal rate (Brouste-Masuda (18)).
There exists a sequence (6,), such that lim, P(G,(6,) = 0) = 1, that converges
in probability to g .

Moreover we have the stable convergence in law with respect to o(L?,s < 1)
uy* (B0 = 00) £ 1(60) N,

where A is a standard Gaussian variable independent of /(6), where /(6) is a
symmetric non-negative and non-singular matrix.

@ If ag is known (or do known), we obtain a similar result with the diagonal

rate
1 1
_ /a—1/2 0 _ /a—1/2 0
unp = 0 1 5 Un = 0 1
N og v/

and non-singular information.
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The proof is based on the following convergences :

For smooth functions f and h, and K C R} X R a compact set, we have Vg > 0

@ For n >0, we set W,S") = {(6, );
Vg >0, In(n)%w, — 0.

1« ; 1
sup In(n)9 fo(X;;l,é,a)ha((z;,(G))—/ F(Xe, 80, a0) dtEhag (L) 2 0
Axwim i3 n 0
) Xi—Xi—l_%‘f'%Xi—l
where z/(9) = nt/o— 2 Ta o LT
(SXi—l

n

@ For F = (fi ;) and H = (h;), we have the stable convergence in law
1 < ;
—= > F(Xi1)H(z;(00)) = V2N
vn P n
with A/ standard gaussian independent of ¥

1
z,-,j:/o F(X)EF(Xe)Tds, £ = E(hih)(LS).

Simulations Futur wor
000 oo
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Sketch of proof

We define J,(0) = V9 Gn(0) (G, is an approximation of the score function).
We can prove uniform local convergence in probability and stable convergence
in law
@ For all compact A C (0, +00) x (1,2)
sup [ug Jn(0)un — 1(60)]| — O
(a,b)EA, (8,0)eW ™

Q u/ G,(bo) stably converges in law to /(6p)Y/*N

where /(6p) is a symmetric non-negative and non-singular matrix
depending on (X:)cp,1) and N is a standard Gaussian variable
independent of /(6o).

V.
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Information for the estimation of (a, ¢, «)
1 2 a
FER(LY) [} fow Sym.
1(a,0,a) =

VTI2,1 VT/2,2V

FE(haka)(LT) fy 1/a

s Elhaka)(LD) o S0 ds — FE(faha)(19) fo 3w

2 Ek2(LS) - LEK2(LY) ) [ log(Xs)ds — E(kafa)(LY)

Futur work
(e]e]

Sym. Ef2(LS) + 1 L EK2( Lo‘)f0 Iog(Xs)2ds+ SE(faka) (L) fo log(Xs)ds

(xzt)l() //ds¢ du e ha () ka(0)z — (falu) + ( In(Xs) 4w ))t>
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Implementation

The previous result states existence of a consistent estimator with optimal
rate of convergence but there might be other sequences that solve the
estimating equation that are not consistent.

Uniqueness of the drift estimator is obtained if §o and ag are known or if
we have preliminary estimators ¢, and &p.

We will give preliminary estimators 8, and &n.

Using these estimators, we obtain a preliminary estimator (&, By, 8n, ain)
that we will correct using a one-step procedure.
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Drift estimator

Theorem (B. Clément (23))

Let G, 4 be the approximation of the score function restricted to the drift
parameters (a, b) B

Gn,d(a7 b) = _V(a,b) Ln(a’ b, 6, dn)-
We assume that (ao, bo) G Int(©) for a compact set © C (0,+00) x R and
that (6 —do) and o (a,, ap) are tight.
Then any sequence (&, B,,) that solves Gy q4(3n, E,,) = 0 converges in probability
to (a0, bo) and this sequence is unique.

— ao, by — bo) is tight.

Moreover the sequence \[lo:(n)z(
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Estimators 5,, and &,

Preliminary estimators &,

Non parametric methods for semimartingales based on p-order power variation
(Todorov-Tauchen (11), Todorov (13), Todorov (15))
The first and two order power variation are defined by

Va(p, X) =D |AIX — A7 X[P where ATX = X; =X,

i=2

Vi(p, X) =D |ATX — AT X + A7 X — AL X|P.

i=4
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Limit theorems (Todorov (13))

@ For p € (0, ), we have the convergences in probability

nP/ e

1
v,}(p,X)—>/ SPXPdtE|Ly — [P,
0

/e 2 p/ o ! pyP/ TP
VE(pX) 2 /O(SX“ dtE|L; — T

where L; is an independent copy of L;.
@ Forpe (%34, %)

vl Ve X) — fy oexe el ~ TP
Pl e Vnz(p,X) — op/a fol 5pti_/ath|L1 ~ L)

n

stably converges in law.
@ Considering p=1/2

log 2
. .
77 210g(VA(1/2,X)/Vi(1/2, X)) V(2077 0/2.%)

V/n(&n — @) stably converges in law.

Futur work
(e]e]




Overview Moment estimates Toy model Joint estimation Implementation Simulations Futur work
88 (e]e] (e]e] 00000 8000. 0000 (e]e]

Preliminary estimators 5,,

We define a non parametric estimator of § based on p-order power variation

) 1/2\ 2
[ 1 Y% LJATX — AT X
" m(&,) n — Xﬁ"
where m(a) = E|L — L7 |'/2 = 2P/*E|S{ /2 where S{* is symmetric a-stable.

Theorem (B. Clément (23))

Then 5, converges in probability to &, and Iog( (5 — do) is tight.
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One-step improvement

o There exists a joint estimator 0, = (4

s bn, On, &) consistent, rate optimal
and probably efficient that solves G,(0,) =

0.

@ We have explicit (easy to implement) preliminary estimators bn and .
By plugging, we obtain consistent estimators of the drift 5, and b, (not
rate optimal).

Finally we have a first step estimator 6, = (3n, by, 0n, Gin).

@ One-step improvement : define
0y = 0 — Jn(0,) " Ga(B)

We prove that éf, inherits the asymptotic properties of 0, ie

1
Ja—1/2 Idy 0
5 — logn
0 \g a2y/n )

uyt (9 - 90) L5y 1(86) V2N for u, =

or
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Simulating (X;) solution of dX; = (a — bX;)dt + 6X/*dL?

We use the an implicit discretisation scheme which preserves the positivity
proposed by Li-Taguchi (19) . For h(x) = min{|x|*/*°, H}, we set X;"" = xo
and for i >0

3=

IXT" 4+ 2 4+ 6h(X]")ATLY|
XxHn_ 5 "
rJ;l (1 + %)

We know that AJL® = L% — L&, £ 18, £ n terg

L
n n

We simulate L{ according to Weron-Weron (05) with V a uniform random
variable on (—Z, Z) and an independent exponential variable W with mean 1.

272
sin(a(V + Ba)) (cos(v —o(v+ s@))“ﬂva
(cos(V))1/a W :

¢ = Sa %

where e
arctan(tan &% o
u:#7 Sa:<1+tan2%) .

(o9
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Estimating (a,b) for dp and ap known

Theoretical limit : .
uy Y6, — 00) £ TV2N

n—oo

where N is a standard Gaussian variable independent of ¥ = /().

0.4 0.4 |

0.2 0.2} =
| | | |
=~ o 2 4 =~ o0 2 4
((En)u) /2020128, — a0) ((En)a2) /200 1/2(b, ~ bo)

Figure - Distribution of the rescaled errors of estimation and comparison with
N(0,1) (a0 =3, by =5, 6o = 1, ag = 1.3, n=4096, ngjs = (1000n) "}, nyc = 1000)
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One-step improvement of a, d, «

We correct our preliminary estimator 1, = (a,,, n, &n) Which is consistent but
hot rate optimal to the one-step estimator 0/, = (41,n, 61,,,, é1,n).

i —, [ 5| 200[ ml-- -a

100 - | - - -5 ~
100 |- 7150 - :
100 |- :

501 i 1 sof . |

| | 50 | __:| |

O O sl H:l]:[h]ﬂ_.rnh 0 [h:nj IDI ol

1 2 3 4 5 06 08 1 1.2 14 1.2 125 1.3 135 14

Figure — Estimation of a Figure — Estimation of § Figure — Estimation of «
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Estimating (a,b) for dp and ap known
Theoretical limit : (Zp)11) ~Y/2nt/ @0=1/2(5; | — ag) % N
2
(En)ss) 20005, 50) £5
In (n) n—oo
((Zn)s3)/2v/n(61,n — o) ni;;) N.
where A is a standard Gaussian variable independent of T = /().
04] B 0.4
0.2 |m - 021
O d
-4 -2 0 2 4 0 -4 -2 0 2 4
= R = 10?2 5o
((Zp)11) " 2n0 2(4,, — a) ((2n)33) ™ 2 57 gy (01,0 — b0) (Zn)ss)~ 2 Vn(&, — o)

Figure - Distribution of the rescaled errors of estimation and comparison with

N(0,1) (a0 =3, bp =5, 8o = 1, ap = 1.3, n=5000, ngis = (1000n) %, nyc = 1000)




Overview Moment estimates Toy model Joint estimation Implementation Simulations
00 (e]e] (e]e] 00000 00000 0000
(e}

[e]e]

Futur work : Stable CIR process

We will try to estimate all parameters in presence of a Brownian motion.

dXe = (a — bXe)dt + o/ XedB, + X/ *dLY, t>0 x>0

o (B:) standard Brownian motion independent of (L¢)

@ Existence and uniqueness of a strong solution such that
P(X: >0, Vt >0)=1
if 0>0,a>% >0,beR, §>0

Kawazu-Watanabe (71), Fu-Li (10), Jiao-Ma-Scotti (18)

Futur work
L Je]
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@ Continuous time observations with o > 0
dX; = (a — bX;)dt + oV XedB: + 60X dLY, t>0, x>0

a>0,0>06>0and a € (1,2) are known
Estimation of b

Observations : (X:)icpo,77, T — 00

Explicit expression of the maximum likelihood estimator b from Girsanov's
Theorem (depends on 2 >0, 6 > 0 and «)

e b > 0 : consistency and asymptotic normality with rate v T
e b =0 : consistency

e b < 0 : consistency and asymptotic mixed normality with rate e =27

Barczy-Ben Alaya-Kebaier-Pap (19)
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