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Pure-jump stable CIR process

dXt = (a− bXt)dt + δX
1/α

t−
dLα

t , t ≥ 0 x0 ≥ 0

(Lα
t ) non-symmetric pure-jump Lévy process, strictly α-stable, with triplet

(0, 0,Fα) and representation

Lαt =

∫ t

0

∫
zµ̃(ds, dz),

where µ̃ = µ− µ is a compensated Poisson random measure with compensator

µ(dt, dz) = dtFα(dz)

where the Lévy measure is given by

Fα(dz) =
cα

z1+α
1R∗

+
(z)dz, 1 < α < 2.

Self similarity : Lt
L
= t1/αL1.

The characteristic function is

E(e izL
α
1 ) = exp

(
−|z|α(1− i tan

πα

2
sgn(z))

)
.



Overview Moment estimates Toy model Joint estimation Implementation Simulations Futur work

dXt = (a− bXt)dt + δX
1/α

t−
dLα

t , t ≥ 0 x0 ≥ 0

Existence and uniqueness of a strong solution such that

P(Xt ≥ 0, ∀t ≥ 0) = 1

if a ≥ 0, b ∈ R, δ ≥ 0.

The solution satisfies
P(Xt > 0, ∀t ≥ 0) = 1

if a > 0, b ∈ R, δ > 0.

Kawazu-Watanabe (71), Fu-Li (10), Jiao-Ma-Scotti (18)
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Parametric estimation : overview

Small noise and pure-jump stable process

dXt = (a− bXt)dt + εδX
1/α

t−
dLα

t , t ≥ 0, x0 > 0

α ∈ (1, 2) known

Estimation of (a, b, δ)

Observations : (Xi∆n )i∈{1,...,n}, ∆n → 0 , n∆n = T fixed, (T = 1)

Maximising an approximation of the likelihood function (depends on α)
Consistency and asymptotic normality of estimators as n → ∞ and ε → 0
(with lim inf εn1−1/α > 0)

Ma-Yang (14), Yang (17)
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Fixed step-size observations, long-time behavior

dXt = (a− bXt)dt + δX
1/α

t−
dLα

t , t ≥ 0, x0 > 0

Estimation of (a, b), assuming b > 0

Observations : (Xi∆)i∈{1,...,n}, ∆ fixed and n → ∞

(Xt) is geometrically ergodic. Explicit least squares estimators of (a, b)
(independent of α and δ) based on the equation satisfied by ebtXt

Consistency if α ∈ (1, 2) and rate of convergence n(α−1)/α2

if

α ∈ (1, 1+
√

5
2

)

Li-Ma (15)
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Moment estimates

We consider a pure-jump stable CIR process

dXt = (a− bXt)dt + δX
1/α

t−
dLα

t , t ≥ 0, x0 > 0

with a > 0, b ∈ R, δ > 0, α ∈ (1, 2)

Proposition (B. Clément (23))

We have

1 ∀p ∈ (0, α)

E|Fs

(
sup

s≤u≤t
X p

u

)
≤ Cp,t−s(1 + X p

s )

2 ∀p > 0

sup
t∈[0,1]

E
(

1

X p
t

)
< +∞

2. Proof based on the expression of the Laplace transform of a CBI process.
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Approximation results

Proposition (B. Clément (23))

1 ∀p ∈ (0, α)

E|F i−1
n

 sup
t∈[ i−1

n
, i
n
]

∣∣∣∣∣
∫ t

i−1
n

X
1/α
s− dLα

s

∣∣∣∣∣
p
 ≤ Cp

np/α
(1 + X

p/α
i−1
n

)

2 ∀p ∈ (0, α)

E|F i−1
n

 sup
t∈[ i−1

n
, i
n
]

∣∣∣Xt − X i−1
n

∣∣∣p
 ≤ Cp

np/α
(1 + X p

i−1
n

)

3 ∀p ∈ (0, α)

E|F i−1
n

(∣∣∣∣∣
∫ i

n

i−1
n

(X
1/α
s− − X

1/α
i−1
n

)dLα
s

∣∣∣∣∣
p)

≤ Cp

n2p/α

1 + X p
i−1
n

+
1

X p
i−1
n


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Results of efficiency in high-frequency setting on a toy model

Masuda (06), Brouste-Masuda (18) LAN property for (a, δ, α)

Xt = x0 + at + δSα
t

Sα
t : symmetric α-stable process

Diagonal rate in estimating θ = (a, δ, α)

un =


1

n1/α−1/2 0 0

0 1√
n

0

0 0 1√
n log(n)


LAN property with singular information matrix (Masuda (06))

I (a, δ, α) =

 Eh2
α(S

α
1 )/δ

2 0 0
0 Ek2

α(S
α
1 )/δ

2 Ek2
α(S

α
1 )/δα

2

0 Ek2
α(S

α
1 )/δα

2 Ek2
α(S

α
1 )/α

4


with hα = φ′

α/φα and kα(z) = 1 + zhα(z).

(extension to Lα
t : I2,1 = Ehαkα(Lα

1 )/δ
2 , I3,1 = Ehαkα(Lα

1 )/δα
2 )
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Brouste-Masuda (18)

Non diagonal rate in estimating θ = (a, δ, α)

un =

( 1

n1/α−1/2 0

0 1√
n
vn

)
, vn =

(
v 1,1
n v 1,2

n

v 2,1
n v 2,2

n

)
Assuming (

1
δ

log n
α2

0 1

)
× vn → v

where v is non singular.
Then the LAN property holds with non-singular information (extension to
Lα
t , the information is not bloc diagonal)

I (a, δ, α) =

 1
δ2
Eh2

α(S
α
1 ) 0

0 vT

(
Ek2

α(S
α
1 ) −E(kαfα)(Sα

1 )
−E(kαfα)(Sα

1 ) Ef 2α(Sα
1 )

)
v


with fα = ∂αφα/φα.
We lose log(n) in estimating simultaneously (δ, α) :

Rate for δ :
√
n/ log(n), Rate for α :

√
n
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Joint estimation of θ = (a, b, δ, α) for the pure-jump stable CIR process

Observations : (X i
n
)i∈{0,...,n} where (Xt)t∈[0,1] is a pure-jump stable CIR

process for the parameter value θ0 ∈ (0,∞)× R× (0,∞)× (1, 2) = Θ

Estimating functions method based on an approximation of the conditional
distribution of X i

n
given X i−1

n

X i
n
≈ X i−1

n
+

a0
n

− b0
n
X i−1

n
+ δ0X

1/α0
i−1
n

(Lα0
i
n

− Lα0
i−1
n

).

θ̂n solution of Gn(θ) = −∇θLn(θ) = 0 on Θ

Ln(θ) =
n∑

i=1

log

 n1/α

δX
1/α
i−1
n

φα

n1/α
X i

n
− X i−1

n
− a

n
+ b

n
X i−1

n

δX
1/α
i−1
n


where φα is the density of Lα

1 .

Clément-Gloter (19) (20) : SDE with Lipschitz coefficients, driven by symmetric

locally stable process
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Existence of the estimator

Theorem (B. Clément (23))

Let un be the previous non-diagonal rate (Brouste-Masuda (18)).
There exists a sequence (θ̂n), such that limn P(Gn(θ̂n) = 0) = 1, that converges
in probability to θ0 .

Moreover we have the stable convergence in law with respect to σ(Lα0
s , s ≤ 1)

u−1
n

(
θ̂n − θ0

)
Ls−→ I (θ0)

−1/2N ,

where N is a standard Gaussian variable independent of I (θ0), where I (θ0) is a
symmetric non-negative and non-singular matrix.

If α0 is known (or δ0 known), we obtain a similar result with the diagonal
rate

un =

( 1

n1/α−1/2 0

0 1√
n

)
, un =

( 1

n1/α−1/2 0

0 1
log n

√
n

)
and non-singular information.
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The proof is based on the following convergences :

1 For η > 0, we set W
(η)
n =

{
(δ, α);

∣∣∣∣∣∣∣∣w−1
n

(
δ − δ0
α − α0

)∣∣∣∣∣∣∣∣ ≤ η
}

with

∀q > 0, ln(n)qwn → 0.

For smooth functions f and hα and K ⊂ R∗
+ × R a compact set, we have ∀q > 0

sup
A×W

(η)
n

ln(n)q

∣∣∣∣∣ 1n
n∑

i=1

f (X i−1
n

, δ, α)hα((z
i
n(θ))−

∫ 1

0
f (Xt , δ0, α0)dtEhα0 (L

α0
1 )

∣∣∣∣∣ P−→ 0

where z in(θ) = n1/α
X i

n
− X i−1

n
− a

n
+ b

n
X i−1

n

δX
1/α
i−1
n

≈ Lα0
1 .

2 For F = (fi,j ) and H = (hi ), we have the stable convergence in law

1
√
n

n∑
i=1

F (X i−1
n

)H(z in(θ0)) → Σ1/2N

with N standard gaussian independent of Σ

Σi,j =

∫ 1

0
F (Xt)Σ̃F (Xt)

Tds, Σ̃i,j = E(hihj )(Lα0
1 ).
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Sketch of proof

We define Jn(θ) = ∇θGn(θ) (Gn is an approximation of the score function).

We can prove uniform local convergence in probability and stable convergence
in law

1 For all compact A ⊂ (0,+∞)× (1, 2)

sup
(a,b)∈A, (δ,α)∈W

(η)
n

||uT
n Jn(θ)un − I (θ0)|| → 0

2 uT
n Gn(θ0) stably converges in law to I (θ0)

1/2N

where I (θ0) is a symmetric non-negative and non-singular matrix
depending on (Xt)t∈[0,1] and N is a standard Gaussian variable
independent of I (θ0).
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Information for the estimation of (a, δ, α)

I (a, δ, α) =


1
δ2
Eh2

α(L
α
1 )
∫ 1

0
ds

X
1/α
s

Sym.

vT I 2,1 vT I 2,2v



I 2,1 =


1
δ
E(hαkα)(Lα1 )

∫ 1
0

ds

X
1/α
s

− 1
δα2 E(hαkα)(Lα1 )

∫ 1
0

log(Xs )

X
1/α
s

ds − 1
δ
E(fαhα)(Lα1 )

∫ 1
0

ds

X
1/α
s



I 2,2 =

 Ek2
α(L

α
1 ) − 1

α2 Ek2
α(L

α
1 )

∫ 1
0 log(Xs)ds − E(kαfα)(Lα1 )

Sym. Ef 2α(Lα1 ) +
1
α4 Ek2

α(L
α
1 )

∫ 1
0 log(Xs)2ds +

2
α2 E(fαkα)(Lα1 )

∫ 1
0 log(Xs)ds



(x z t)I

x
z
t

 =

∫ 1

0

∫
dsϕ(u)du

(
1

δ

1

X
1/α
s

hα(u)x + kα(u)z − (fα(u) +
ln(Xs)

α
kα(u))t

)2
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Implementation

The previous result states existence of a consistent estimator with optimal
rate of convergence but there might be other sequences that solve the
estimating equation that are not consistent.

Uniqueness of the drift estimator is obtained if δ0 and α0 are known or if
we have preliminary estimators δ̃n and α̃n.

We will give preliminary estimators δ̃n and α̃n.

Using these estimators, we obtain a preliminary estimator (ãn, b̃n, δ̃n, α̃n)
that we will correct using a one-step procedure.
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Drift estimator

Theorem (B. Clément (23))

Let Gn,d be the approximation of the score function restricted to the drift
parameters (a, b)

Gn,d(a, b) = −∇(a,b)Ln(a, b, δ̃n, α̃n).

We assume that (a0, b0) ∈ Int(Θ) for a compact set Θ ⊂ (0,+∞)× R and

that
√
n

log(n)
(δ̃n − δ0) and

√
n

log(n)
(α̃n − α0) are tight.

Then any sequence (ãn, b̃n) that solves Gn,d(ãn, b̃n) = 0 converges in probability
to (a0, b0) and this sequence is unique.

Moreover the sequence n1/α0√
n log(n)2

(ãn − a0, b̃n − b0) is tight.
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Estimators δ̃n and α̃n

Preliminary estimators α̃n

Non parametric methods for semimartingales based on p-order power variation
(Todorov-Tauchen (11), Todorov (13), Todorov (15))
The first and two order power variation are defined by

V 1
n (p,X ) =

n∑
i=2

|∆n
i X −∆n

i−1X |p where ∆n
i X = X i

n
− X i−1

n
,

V 2
n (p,X ) =

n∑
i=4

|∆n
i X −∆n

i−1X +∆n
i−2X −∆n

i−3X |p.
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Limit theorems (Todorov (13))

1 For p ∈ (0, α), we have the convergences in probability

np/α

n
V 1

n (p,X ) →
∫ 1

0

δpX
p/α
t− dtE|L1 − L1|p,

np/α

n
V 2

n (p,X ) → 2p/α
∫ 1

0

δpX
p/α
t− dtE|L1 − L1|p

where L1 is an independent copy of L1.

2 For p ∈ (α−1
2

, α
2
)

√
n

(
np/α

n
V 1

n (p,X )−
∫ 1

0
δpX

p/α
t− dtE|L1 − L1|p

np/α

n
V 2

n (p,X )− 2p/α
∫ 1

0
δpX

p/α
t− dtE|L1 − L1|p

)
stably converges in law.

3 Considering p = 1/2

α̃n =
log 2

2 log(V 2
n (1/2,X )/V 1

n (1/2,X ))
1V 1

n (1/2,X ) ̸=V 2
n (1/2,X )

√
n(α̃n − α) stably converges in law.
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Preliminary estimators δ̃n

We define a non parametric estimator of δ based on p-order power variation

δ̃n =

 1

m(α̃n)

n1/2α̃n

n

n∑
i=2

∣∣∣∣∣∣∆
n
i X −∆n

i−1X

X
1/α̃n
i−1
n

∣∣∣∣∣∣
1/2


2

where m(α) = E|Lα
1 − L

α
1 |1/2 = 2p/αE|Sα

1 |1/2 where Sα
1 is symmetric α-stable.

Theorem (B. Clément (23))

Then δ̃n converges in probability to δ0 and
√
n

log(n)
(δ̃n − δ0) is tight.
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One-step improvement

There exists a joint estimator θ̂n = (ân, b̂n, δ̂n, α̂n) consistent, rate optimal
and probably efficient that solves Gn(θ̂n) = 0.

We have explicit (easy to implement) preliminary estimators δ̃n and α̃n.
By plugging, we obtain consistent estimators of the drift ãn and b̃n (not
rate optimal).
Finally we have a first step estimator θ̃n = (ãn, b̃n, δ̃n, α̃n).

One-step improvement : define

θ̂′n = θ̃n − Jn(θ̃n)
−1Gn(θ̃n)

We prove that θ̂′n inherits the asymptotic properties of θ̂n ie

u−1
n

(
θ̂′n − θ0

)
Ls−→ I (θ0)

−1/2N for un =

 1

n1/α−1/2
Id2 0

0

 δ√
n

− log n

α2√n

0 1√
n


.
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Simulating (Xt) solution of dXt = (a− bXt)dt + δX
1/α
t− dLαt

We use the an implicit discretisation scheme which preserves the positivity
proposed by Li-Taguchi (19) . For h(x) = min{|x |1/α0 ,H}, we set XH,n

0 = x0
and for i ≥ 0

XH,n
i+1
n

=
|XH,n

i
n

+ a
n
+ δh(XH,n

i
n

)∆n
i L

α|

(1 + b
n
)

.

We know that ∆n
i L

α = Lα
i
n
− Lα

i−1
n

L
= Lα

1/n
L
= n−1/αLα

1 .

We simulate Lα
1 according to Weron-Weron (05) with V a uniform random

variable on (−π
2
, π

2
) and an independent exponential variable W with mean 1.

Lα1 = Sα ×
sin(α(V + Bα))

(cos(V ))1/α
×

(
cos(V − α(V + Bα))

W

)(1−α)/α

,

where

Bα =
arctan(tan απ

2 )

α
, Sα =

(
1 + tan2

απ

2

)1/(2α)

.
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Estimating (a,b) for δ0 and α0 known

Theoretical limit :
u−1
n (θ̂n − θ0)

L−s−−−→
n→∞

Σ1/2N

where N is a standard Gaussian variable independent of Σ = I 11(θ0)
−1.

−4 −2 0 2 4
0

0.2

0.4

((Σn)11)−1/2n1/α0−1/2(ân − a0)

−4 −2 0 2 4
0

0.2

0.4

((Σn)22)−1/2n1/α0−1/2(b̂n − b0)

Figure - Distribution of the rescaled errors of estimation and comparison with
N (0, 1) (a0 = 3, b0 = 5, δ0 = 1, α0 = 1.3, n=4096, ndis = (1000n)−1, nMC = 1000)



Overview Moment estimates Toy model Joint estimation Implementation Simulations Futur work

One-step improvement of a, δ, α

We correct our preliminary estimator θ̃n = (ãn, δ̃n, α̃n) which is consistent but
not rate optimal to the one-step estimator θ̂′n = (â1,n, δ̂1,n, α̂1,n).

1 2 3 4 5
0

50

100
ãn
â1,n

Figure – Estimation of a

0.6 0.8 1 1.2 1.4
0

50

100

δ̃n

δ̂1,n

Figure – Estimation of δ

1.2 1.25 1.3 1.35 1.4
0

50

100

150

200 α̃n

α̂1,n

Figure – Estimation of α
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Estimating (a,b) for δ0 and α0 known

Theoretical limit : ((Σn)11)
−1/2n1/α0−1/2(â1,n − a0)

L−s−−−−→
n→∞

N

((Σn)33)
−1/2

√
n

ln(n)

α2
0

δ0
(δ̂1,n − δ0)

L−s−−−−→
n→∞

N

((Σn)33)
−1/2√n(α̂1,n − α0)

L−s−−−−→
n→∞

N .

where N is a standard Gaussian variable independent of Σ = I (θ0)−1.

−4 −2 0 2 4
0

0.2

0.4

((Σn)11)
− 1

2 n
1

α0
− 1

2 (â1,n − a0)

−4 −2 0 2 4
0

0.2

0.4

((Σn)33)
− 1

2
α2
0

δ0

√
n

log(n) (δ̂1,n − δ0)

−4 −2 0 2 4
0

0.2

0.4

((Σn)33)
− 1

2
√
n(α̂n − α0)

Figure - Distribution of the rescaled errors of estimation and comparison with
N (0, 1) (a0 = 3, b0 = 5, δ0 = 1, α0 = 1.3, n=5000, ndis = (1000n)−1, nMC = 1000)
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Futur work : Stable CIR process

We will try to estimate all parameters in presence of a Brownian motion.

dXt = (a− bXt)dt + σ
√
XtdBt + δX

1/α

t−
dLα

t , t ≥ 0 x0 ≥ 0

(Bt) standard Brownian motion independent of (Lα
t )

Existence and uniqueness of a strong solution such that

P(Xt > 0, ∀t ≥ 0) = 1

if x0 > 0, a ≥ σ2

2
> 0, b ∈ R, δ ≥ 0

Kawazu-Watanabe (71), Fu-Li (10), Jiao-Ma-Scotti (18)



Overview Moment estimates Toy model Joint estimation Implementation Simulations Futur work

Continuous time observations with σ > 0

dXt = (a− bXt)dt + σ
√
XtdBt + δX

1/α

t−
dLα

t , t ≥ 0, x0 > 0

a ≥ 0, σ > 0, δ > 0 and α ∈ (1, 2) are known

Estimation of b

Observations : (Xt)t∈[0,T ], T → ∞

Explicit expression of the maximum likelihood estimator b̂ from Girsanov’s
Theorem (depends on a ≥ 0, δ > 0 and α)

b > 0 : consistency and asymptotic normality with rate
√
T

b = 0 : consistency
b < 0 : consistency and asymptotic mixed normality with rate e−bT

Barczy-Ben Alaya-Kebaier-Pap (19)
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Thank you for your attention
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