On Multi-step MLE-processes for Some Stochastic
Models.

Yury A. Kutoyants
Université du Maine, Le Mans, FRANCE,

ILQF, Higher School of Economics, Moscow, RUSSIA,
National Research University “MPEI”, Moscow, RUSSIA,
SAPS-X, Le Mans, 20 March, 2015




Motivation

Problem: Construction of BSDE. We are given a stochastic

differential equation (called forward)
dXt = b(t,Xt) dt + CL(t,Xt) th, XO = Ty, 0 S t S Jj7

and two functions f (t,z,y, 2) and ® (z). We have to construct a

couple of processes (Y3, Z;) such that the solution of the equation

dY;ﬁ — _f(taXtai/taZt) dt + Zt th7 YO? 0 <1< T7

(called backward) has the final value Yy = @ (X7).

For the existence and uniqueness of the solution see Pardoux and
Peng (1990). The Markovian case considered here was discussed by
Pardoux and Peng (1992).




Solution: Suppose that u (¢, x) is solution of the equation

ou ou 1 5 0%u ou
E%—b(t,x)%%— —a (t,x) @——f (t x,u,a(t,x) (9:13)

with the final condition u (T, x) = ® (x). Then if we put
YVi=u(t,Xs), Zt = a(t, X¢)ul, (t, X;). Then by Itd’s formula
ou ou 1 5 0%u

5 (t, X¢) + b(t, Xy) Xi)+ =a(t, o)

Y., =
a¥; (9:1:( 2 ox2

(t, Xt)] dt

ta(t X;) g“ (t, X;) dW;

— —f(t,X.,Y), Z,) dt + Z, dW,, Yy =u(0, Xo).

The final value Yy = u (T, X7) = ® (X7).




Statistical problems. We consider this problem in the situations,

where the forward equation contains some unknown parameter v:
dXt = b(l?,t,Xt) dt¢ + (l(??,t,Xt> th, XO = X, 0 S t S 1.

Then u = u (¢, z,v) and the proposed approximations Y;, Z; of the

couple Y;, Z; are given by the relations
Vi = u(t, X;,07), Zy =l (t, Xy, 97) a(95, t, Xy).

Here 9} is some good estimator-process of ¢} with the small error of

. 2
estimation Ey (1975 — 19) . This provides us the small errors

~ 2 R 2
E, (Y; _ Yt> and Eg (Zt _ Zt) |




Main problem: how to find a good estimator-process V5,0 <t <17

(Good means :

e Depends on observations X' = (X,,0 < s <t) and therefore is
stochastic process V* = 17,0 <t < T,

e Fasy to calculate for allt € (0,T].
o Asymptpotically efficient for all t € (0,T].
The MLE 9; defined by

V("g‘t,Xt) =sup V (¢, X7), t € (0,7T]
Ve

can not be used as Good because in non linear case to solve this
equation for all ¢ € (0,7T] is computationally very difficult problem.




Our goal is to construct the good estimator-processes in different
statements. Kamatani and Uchida [6] recently considered the
problem of parameter estimation by the discrete time observations of
diffusion process and showed that Mullti-step Newton-Raphson
procedure can provide asymptotically efficiennt estimation even if the

preliminary estimators have bad rate of convergence.

The general construction is the following. We fix a learning interval

(0, 7] and obtain a preliminary estimator 9. Then we use this

estimator to construct one-step and two-step MLE-processes.




Example. In ergodic case we take a learning interval

[O, T 5] 0 € (%, 1) and any consistent estimator 9,5 such that

T2 (5Ts — 19) is bounded in probability. The one-step MLE-process
Jr,t € [T°,T) is

t S (§T67X8>

T 4% =8 (I X ds].

19: — 1§T5 —I— T_l]l (T§T5>_1 /

This estimator-process is easy to calculate, uniformely on 7° <t < T

consistent, asymptotically normal
Vi —9) = N (o, I (19)‘1)

and asymptotically efficient. If the learning interval has 0 € (%, %],
then we construct two-step MLE-process.




Models

Ergodic diffusion process (T — o)
dX; =S, Xy)dt + o0 (X)) AWy, Xo, 0<t < T,
Hidden telegraph signal (T — o0)
dX, =Y () dt + dW;, Xo, 0<t<T

Y (-) is two-state Markov process depending on v = (\, u).

Diffusion process with small noise (¢ — 0)

dXt :S(ﬁ,tht) dt—l—EO' (t,Xt) th, L0, 0 StST

Discrete time obs. X" = (X, Xt,,...X¢, ), ti = z’%,n — 00

dXt = S (t,Xt) dt + o (T?,t,Xt) th, Xo, 0 S t S T.




Note that such one-step estimators are used in the problem of the
construction of asymptotically distribution free test by the
observations of inhomogeneous Poisson process (M. Ben
Abdeddaiem) and in the problem of parameter estimation by

observations of Markov sequence

Xj_|_1:S(ﬁ,Xj)+8j,j:1,...,n—>OO

(A. Motrunich).

The both results are presented on the Poster session of this workshop.




Ergodic diffusion

The observed diffusion process is
dXt:S(ﬁ,Xt)dt—'—O'(Xt) th, X(), OStST

where ¥ € © C R%. The process X;,t > 0 has ergodic properties.

Condition Aq (O). At particularly : we suppose that the functions

S (¥, x) and o (LU):H have polynomial majorants and

Em sup sgn () 5519,56)
[z| =00 9eo o(x)

< 0.

The regularity conditions are: the function S (9, ) has three
continuous derivatives w.r.t. ¥ and these derivatives have polynomial

majorants.
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The identifiability condition is: for any v > 0
S (9,&) — S (¢ ?
Er&lo ( ( 7£0) ( 07€0)> ~ 0,
o (o)
where the r.v. & has the density function f (g, ). The Fisher

information matrix

inf inf
Yo EO |19—190|>l/

Sw,@sw,s)*)

o (¢)”

(here S (9, z) is derivative w.r.t. ¥) is uniformly non degenerate
(below A € RY)

inf inf AN*T(9)A >0
IEO [A|=1

We have to estimate ¥ by X' = (X,,0<s<t) for t € (0,7] and to
describe the properties of 9 (t) = 9 (¢, X*),0 <t < T.
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We consider two situations: with learning intervals |77, T| and
(75T, T|, where 7, is fixed and 75 — 0. Suppose that we have an
estimator 9, 7 constructed by the observations

X1 = (X;,0 <t <7.7T), which is consistent and asymptotically

normal

V T*T (gT*T — 19) — N (07 D (19)) :
Then for 7 € |74, 1] we calculate the one-step MLE-process

—1 A7'T (ﬁT*T7 X:—f})
VT T

:-T — ﬁT*T + 1 (gr*T)
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where for 7 € [7,, 1]

B ™S (¥ Xt)
VT Jror 0 ( Xt
A, X, 7)
VT 2\/7'T
_/T S‘(ﬁ,Xt)S(ﬂ,Xt)dt
0

Arr (9, XI07) = [dX, — S (¥, X,) di],

A (9, X™T) = B’ (9, X,) o (X)) dt

Y

To (X))

M A, x) = xBﬂzdz.
o AR / (9, 2)

Note that under regularity conditions (K. 2004)

B(¥,x) =

VT (9 = 9) = N (0,1(9) )
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One-step MLE (6 € (3,1))

Introduce the learning interval 0 < ¢t < T, where § € (1/2,1) and
denote by 19, an estimator of parameter ¥ which is unifrormly in ¥

on compacts K C © asymptotically normal
T2 (3, — 05) — N (0,D (9))

where 75 = T-17° — 0 and the matrix D (J¢) of limit covariance is
bounded. Moreover we suppose that we have the convergence of

moments too and we have

sup Tp‘S/QEﬁ0 ‘575 - ﬁg‘p <C
Yo EK

where the constant C' > 0 does not depend on 7. As the preliminary
estimator we can take the MLE, minimum distance estimator or any
other.
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The one-step MLE-process we construct as follows:

—1
A (&TMX%?) , T E [7’5, 1]

B ™S (¥ Xt)
A (0.X78) = —— / dX, — S (9, X,) df]

Introduce the random process
N (00) = TVITT(90)? (95 =), m<7<1

where 7, € (0,1) and measurable space (C |74, 1],B) of continuous on
74, 1] functions. Here 2B is the corresponding borelian o-algebra.

Denote by W (7),0 < 7 < 1 the d-dimensional standard Wiener
process.
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Theorem 1 Suppose that the regularity conditions hold. Then the

estimator-process V5, 7s < 7 < 1 has the following properties:

1. It is uniformly consistent: for any v > 0

lim sup Py, ( sup |UX — Jp| > y) =
=00 o€k Ts<7<1

. For any 7. € (0,1) the random process n: 1 (¥9) , 7« <7 <1

converges weakly in (C |1y, 1],B) to the process
W(r), 7 <7 <1.

. It 1s asymptotically efficient.
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Two-step MLE. (6§ € (3,3]) Let us take the first estimator -
constructed by the observations X T (Xt, 0<t<T 5) with
0 € (%, %] We suppose that this estimator is consistent,

asymptotically normal and the moments converge too:

g, =T} (675 _ 190) — N(0,D(9)),  sup Eg, |5,]" <C,
Yo EK

for any p > 0. Here D () is some matrix and C' > 0 does not
depend on 71'. It can be the MLE, MDE, BE or the EMM.

17



Introduce the second preliminary estimator, which is

estimator-process
_ - 12 (% \ 7! . 7
9, =0, + (+T) V21 (1975) A, p (1975,XT5> 1€ s, 1]

where 75 = T—119, Note that T (@T — 190) — 0 for v € (1 — 6, 29)

T
Sz?Xt)
A (9, X7 = / dX; — S (9, X,) dt].
T( \/7'7T [ t ( t) ]
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The Two-step MLE-process we define as follows

—1

9 q T
T (197'57197'7)(’_71;5)7 T(SSTS]-J

™S (91, Xy)
7 (Xy)°

dX, — S (92, X;) dt] .

Note that A7 (0,9, X7F) = Arr (9, X7F).
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Theorem 2 Suppose that the conditions of reqularity hold. Then the
Two-step MLE-process V7, 7s < 7 < 1 1s consistent, asymptotically

normal

VT (07 — 9) = N (0, | (190)_1) |

and asymptotically efficient. The random process
e (90) = TVTL(00) "2 (93 = 00),  me<T<I

for any 1, € (0,1) converges in distribution to the Wiener process

W(r),n. <7 <1.

20



Example. Suppose that the observed process is
dX; = — (X; =0’ dt +dW;, Xo, 0<t<T

The MLE has no explicite expression and

ﬁT:%/OTXt dt — 9, VT (Ir —9) = N (0, D (9))

If the learning interval is [O, T5] with 0 € (%, 1), then the one-step
MLE-process is

. = 3 7 ~ N2 = \3
ﬂt :19T6—|—ﬁ - (XS—ﬁTé) |:dXS—|—(XS—T9T5) d8i|

It is asymptotically normal: for all 7 € (0, 1]

VT (05p —9) = N (0,171)
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If the learning interval is [O, T5] with 6 € (%, %], then the second
estimator is
!

. _ 3 _ _

Gy =075 + == | (Xg=gs)” [dX, + (X, = Ogs)” ds]
TI TS

and the third estimator is two-step MLE-process

3 t

* K q q 2 5 \°
07 =0t 7 | (X = 9r0) [dXS + (X = 9) ds]

It is asymptotically normal: for all 7 € (0, 1]
VT (9% —9) = N (0,171

and asymptotically efficient.
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Hidden Telegraph Signal
(join work with R.Z. Khasminskii)

We observe a trajectory X1 = (X;,0 <t < T) of stochastic process

dX (t) =Y (t) dt +dW (t), Xo,
where Y (1),0 <t < T is a two-state (y; and y3) stationary Markov
process with infinitesimal transition matrix
o
B =
We suppose that the values A > 0 and p > 0 are unknown and we
have to estimate the two-dimensional parameter ¥ = (\, u) € ©,

where © = (cg,c1) X (cg, c1) by the observations X*. Here ¢y < ¢;

are positive constants.
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Introduce the estimators

XT
T — Y

Y2 — Y1

Br;

where By = ar Mg,y + (co + ¢1) ]I{ACT}. Here At is the event: the

equation

2
Cr = (&) + 2n7® (ar)

T

has solution ap. The function ® (z) = 2 — =& (1 — e %) and
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Theorem 3 we have for the estimators G = (S\T,,ET) the relations

E{\/T(XT—A)}2<C, E{\/T(ﬁcp—u)r<0.

Our goal is to obtain asymptotically efficient estimators.

Let us introduce the learning time interval [O, T° }, where % <o <1,

the corresponnding estimators of the method of moments

1§T6 — (j\TcS ) /]Ta)
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Having this estimator we introduce the one-step MLE-process as
follows

T
} — 19T5 —|— T_l]IT(lgTé)_lf

T(S

m(9ps, s) [dXS — m(Vrps, s)ds} .

Here m (t,9) = Ey |Y (¢) |F{*]:
m (t,9) = 1Py (Y (t) = 11| F;) + y2Py (Y ()
Let us denote
m(t,0) =Py (Y (t) = n|FY),
Hence

m(taﬁ) :y2+(y1 _y2)7r(t719)'
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The random process 7 (¢,9),0 <t < T satisfies the following equation

dr (t,9) = [ — (A +p) 7 (£,9)
+m (8,9) (1 =7 (¢,9)) (y2 — v1) (y2 + (y1 — y2) 7 (¢, 9))] dt
+m(t,0) (1 =7 (,9)) (y1 — y2) dX (F)

the vector

8@ (S, 19)

or (t,9) On (t, 19))

m(V,s) = (y1 — y2) 59 =(y1—yz)< N on

The empirical Fisher information matrix is

(y1 — o) /T Ay (s,9) Oy (s,0)°
T T5 819 819

Ir(9) = ds.
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Theorem 4 The one-step MLE s asymptotically normal

VT (97 —9) = N (0,1(9) ™)

and asymptotically efficient.

28



Small noise asymptotics

The observed diffusion process is
dXt :S(ﬁ,t,Xt) dt—l-EO' (t,Xt) th, X(), 0 StST

where ¥ € © C R? is unknown parameter.

Recall that =1 (197575 — 190) — N (O,I(ﬁ,xt)_1>, but to use it can

be computantionally difficult problem. Here the matrix function
. :
T (?97 ZIZ‘t (19)) — / S (197 Sy Ls (?‘9)) S (197 327 Ls (19))
0 o(s,xs (1))
and {(zs(19),0<s<T),v € O} is solution of ODE

dx,
ds

It is known that X converges to x4 (¥/) uniformly in s € [0, 7.

ds, 0<t<T

= S (¥, s,xs),

29



Preliminary estimator. Fix some (small) 7 > 0 and introduce the
MDE 9,

_ 2 . . "
X = ()P = ol X = @) = jnf [ 1% =2 @) at.

Suppose that the identifiability condition is fulfilled: for any v > 0

inf 9) — x (Y9 > (.
Lt lle () =@ (0o)]

This estimator is consistent and asymptotically normal

e (B, — 09) = N (0,D; (90))

where T(9, 27 (9)) > D, (99) > 0 (K. 1994).

30



Introduce the one-step MLE-process: ¥; _,t € [1,T]

t,e»

0 = O+l (T2 (972)) " [ (Fres X1) + Ay (Jrc, X7)],

where

t S(ﬁ,S,XS)
M) = [ 2

AX, — S (9,5, X,) ds|, te[rT],

A, (ﬁ,XT):A(ﬁ,T,XT)—/ Al (09,5, X,) ds
0

S (9,8, Xs)S (¥, s, Xs)
o (s, Xs)

ds,

/ B (9,5, Xs) 0 (s, Xs)" ds —/
2 0 0

S(ﬁ,s,:z;)) A(ﬁ,s,x):/ B(9,s,2) dz

0

x

B (4,s,x) =

o(s,x)
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Theorem 5 (K. and Zhou) Suppose that the conditions of reqularity
hold. Then the one-step MLE-process 97 ., 7 <t <1 is uniformly

t,e»

consistent: for any v > 0

Py, { sup ‘19:,5 — 790’ > V} — 0,

T<t<T

the stochastic process ngc (9g) = e~} ( fe— 190) T < T <t <T
converges weakly to the stochastic process

t
& (Vo) =1 (?90)_1/ S (Do, 8,x5) 0 (8,25) "+ AW, 7. <t<T
0

and the estimator-process V5,7 <t <1 1s asymptotically efficient.
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We have good estimator process on the time interval [7,T]. Let us

consider the possibility of the decreasing learning interval

T=T.= g% — 0. Suppose that d = 1, i.e., ¥ is one-dimensional

r=¢g% ¢ (0,T] and the first preliminary estimator "5%.

The stochastic process X;,0 <t < 7. — 0 can be written as follows
dXt =5 (7907 O, CCO) dt + 0 (O, 330) th + O(Tg)

Consider the problem of estimation ¥ by observations Y;,0 <t < 7.
with stochastic differential

dY; :S(Q?(),O,SC()) dt 4+ eo (O,CIZQ) dWy, x9, 0<t< 7.
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% > k > 0 and define the one-step

MLE-process ¥; ., 7 <t < T as follows

Suppose that ‘

S (@Ts,S,XS)
_TE: ; ajt(g%)) o (s, Xs)

Theorem 6 Suppose that the conditions of reqularity hold. Then the

_[dX, — 5 (95,5, X,) ds]

one-step MLE-process 07 ., 7 <t <T is uniformly consistent:

Pf}o { sup ‘19:,5 —190‘ > V} — 0,

T <t<T

the stochastic process ng.c (9g) = e~} (19;6 — 190) T << T for any
T« > 0 converges weakly to the stochastic process & (¥g) , 7 <t < T

and the estimator-process vy ., is asymptotically efficient for all
t e (0,T].
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If 9 € © C R® with d > 1, then the construction of one-step
MLE-process is possible if X; is k-dimensional and k > d.
5

It is possible to take smaller learning interval [0, 7] with 7. = €°,
where 0 > 1 but this requires the construction two-step MLE-process.
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Unknown Volatility (joint work with S. Gasparyan)

The forward equation is
dX: = S (t, X)) dt + o (9,¢, X)) dWs, Xo, 0<t<T

where ¥ € © = («, 8). We observe the solution of this equation in
T
R X n
YV: =u(t, Xy, ,0, ),k =1,...,n, where k satisfies the conditions

tr <t <try1 and the estimator étk is construct by the observations

discrete times t; = ¢— and have to study the approximation

XF = (Xo,X¢,,...,X;,). Our goal is to realize the same program as
above: we study the one-step pseudo-MLE, which can be relatively

easy in calculation and has some properties of optimality.
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On parameter estimation in diffusion coefficient. First of all
remind that ¥ can be calculated without error if we have continuous
time observations. To illustrate it we give two examples.

Example 1. Suppose that o (9,t,z) = VOh (t,2),9 € (o, B), a > 0,
and the observed process is

dX, = S (t, X)) dt + VOh (¢, X;)dW,, X,, 0<t<T.

We suppose as well that fg hs,Xs) ds > 0.

Let us write the Ito formula for X?:

t t
X,?:Xg+2/ XSdXS—H?/ his,Xs)’ds, 0<t<T.
0 0

Hence, for all t € (0,7 we have with probability 1 the equality

X? - X3 -2 [ X,dX, .

fg h (S,XS)2 ds B
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Example 2. Suppose that ¥ = (J1,...,94) € © C R? and

d
o (9,t,2)" =ho (t,x) + > Ophe (t,z) >0
k=1

for all v € ©,¢t € [0,T] and x € R. Let us put

t t
G (X" =X — X7 - 2/0 X, dX, — /0 ho (s, X,) ds,

t
Hy, (X*, ) :/ hi (s, Xs) ds.
0

Then once more by the same It formula for X? we obtain the family

of equations

d
G(X') =) 0pHe (t,X"), te[0,7].
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Hence for any ¢ € [0,T] we can take (t; <ty < ... <ty =1) and solve

the system of equations

d
G(X') = OpHy (tm, X'™),  m=1,...d
k=1

Suppose that the matrix H = (Hgyy, )4, 4, Where

Hpipm = H (tm, X™™),

is such that there exists an inverse matrix H~!, then the

vector-parameter v can be written as
) =H'G,

where the vector G = (G (X'*),..., G (X")).
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The problem became more interesting if we consider the discrete time
observations X" = (Xy,,..., X¢,)),t; = j% and the problem of
approximation in the high frequency asymptotics (n — oo). Then in

Example 1 we obtain the estimator
k
thk — Xg — 2 Zj:l th;—l (th: _ th—1)
k 2
Zj:l h (tj—h th—l) 0

It can be easily shown that if n — oo then we have @t,n — ¢ and we

&t,k — ) 0=

T
-

can use it in the approximation of Y; as follows Ytn = u(t, X, @tn)
We can describe the distribution of error y/n (Ytn — Yt), but the

estimator is not asymptotically optimal. We consider a different

estimator.
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Let us introduce the equation
th+1 - th +5 (tJ'? th) 0+0o (tj7 thﬁ) [Wtj-l-l - Wtj} ‘

Note that conditional (X4,, ..., X:,) distribution

Xijoo = Xe, =S (4, X,) 6~ N (0,0(t,X,,,9)75),

therefore we can itroduce the log pseudo-likelihood ratio

k
L (19,Xk) = — In {2770 (tj,th,ﬁ)25}
J
< (Xt _th -5 (tj’th) 5)2

o (tj,th,ﬁ)25

Jj+1

1
2

7=0
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The corresponding contrast function is

-5 (4,,X,,))°

kY _
Us (9, X7) = @ (4, X1, 0)0

where a (¢, z,9) = o (¢t,z,9)”. The estimator Oy is define by

Uk (1,0, X*) = inf Uy (9, X*)

YO

It is known that this estimator is consistent, asymptotically

conditionally normal
Vit (Din = 90) = N (0.1, (99) 7).
X,V
I; (Vo) = 2/ o (5 0)° ds
e (57 Xsa 190)

and asymptotically efficient (Dohnal(1987), Genon-Catalot, Jacod
(1993)).
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Note that the approximation Y; = u(t, X, , @tn) is computationally

difficult to realize. That is why we propose as above the one-step
pseudo-MLE. Let us fix some (small) 7 € (0,7). The PMLE
estimator 197,,1 constructed by Xy, ., X¢, ., .., Xty , where N is
chosen from the condition tn , <7 < tn41.n, is consistent and
asymptotically conditionally normal.

Introduce the normalized pseudo score-function and the empirical

Fisher information
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We have the stable convergence

t o (S X 190)
A n 2 9 S d .
kn (Vo) = f/o o (5. X.. 0o) w

and the convergence in probability

Ik,n (190) — I, (190) .

The approximation of the random function Y; we will do with the
help of the following one-step PMLE

A

3 A n Q97'71
o =Orn+ Vo Wrn)
Ik,n<797',n)

and show that this estimator is asymptotically efficient and easy
calculated for all t € [7,T] (or N < k < n).
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