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I\Ie\;/)‘g\_;/ma The mOdel

m nonobservable signal sequence (X;), t > 1 with values
in R';

m observations (Y;) from R';

m exponential type payoff function Lt

To find h which minimizes the payoff function.

Problems statement
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E exp {g > (X - h,)ZQtH :
t=1

where
m h: h;is Yi-measurable, Vi = o({ Yy, 1 <u<t})
m Qs, 1 < s < T:given nonnegative numbers
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Three different cases

ANl There are three different cases for LEG filtering problem:
Criteria
|
Le Breton,
Viot,
Kleptsyna m ;. = 0 - risk-neutral filtering problem.
m ;. > 0 - risk-averse filtering problem.
m 1 < 0 - risk-preferring filtering problem.

Our approach

m Solve the problem for i < 0O (it is easier).

m Reduce the problem to an auxiliary risk-neutral filtering
problem.

m Extend results to the general case using the analytical
properties.

Problems statement
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where g is a Vs measurable variable.

=
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Q: Can we always take h = h?
A: Sometimes yes, sometimes no ...
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short memory

Q: What happens for a short memory criterium?

Q: What happens if X i.i.d.?
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T
Problems statement L T ( h ,LL g Z S) Qs ;
0

Risk - Neutral Filtering

Q: What happens for the quadratic type payoff function?
A: Solutions of LQG and RS: g = hr, h; = hy = (X)),
where 7(X) := E[X¢|)] (can be computed using Kalman
filter).
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1
m signal X; = a;X;_¢ + Dicy, t>1; Xo=x,
m observation:

Problems statement

Ye=AXi +e¢, t>1.

where
W ¢ = (gt)¢>1 - i.i.d. N(0, 1) random variables,
independent of X;

m A:=(A; t > 1) some sequence of the real numbers.
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Filtering error

a2 2 -
¥s = Ds + —, § > 1, E[(X; — m(X))/Vt] = ~(1).
g ° 1 +A§71'Ys—1



Kalman filter,ll

Filtering with
Exponential
Criteria

Generalized Kalman filter

Le Breton
Viot,
Kleptsyna

t
7(X)e=me+ Y AF( (Y = Ami(X)),
Problems statement l:1



Kalman filter,ll

Filtering with

Exponential ] q
Criteria Generalized Kalman filter

Le Breton
Viot,
Kleptsyna

t
7(X)e=me+ Y AF( (Y = Ami(X)),

Problems statement l: 1

Filtering error

3(t,8) =T(t,s) — ny(t (s, D) o=

=1

A2_



Kalman filter,ll

Filtering with
Exponential
Criteria

Generalized Kalman filter
Le Breton
Viot,

Kleptsyna

t
(X = me+ 3 AF(L (Y — Am(X)
Problems statement l: 1

Filtering error

3(t,8) =T(t,s) — ny(t (s, D) o=

2_
I=1 A
the variance of the filtering error—-

E[(X; — m(X))?/ V] = (1, 1).
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m Robust estimation
m H, estimations
m Estimation of probability to exceed the fixed level

m Theory of a system failure. Estimation of the
parameters of a survival function with unobservable
component.
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_ _ Aﬁt _ _

hy = athi_1 + —————[Y: — aiAthi_4], t > 1, hg = x
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1~
l\'Ie\Sg’\v/ma Xt — atXt—1 + thgty t 2 1 , XO - X7
Yi = At X + &t

The solution of LEG filtering problem

_ _ Aﬁt _ _

hy = athi_1 + —————[Y: — aiAthi_4], t > 1, hg = x

t tt1+1+A?§t[t tAthi_q], t > o
V.

”_Ys:Ds‘f‘ sV s—1

—,58>1,75,=0.
1+ (A2, — 1Qs1)7s1 °

Of course, hy # m(X), but may be?
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LEG, characterization

LEG and RS filtering - ~
problem, result ht = 7Tt(Xt)

—the conditional expectation of X w.r.to the new measure

-Which measure?
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Yi=AXi+e¢, t>1.

LEG, solution
LEG al msm ing l_7t - mt + 25:1 Alﬁ(t) /)()// - A/’_7/)7

problem, result

finding ~: Riccati type equation
ﬁ(t,S):r(t,S) ZI 1 7( ) (S /) 1+S’y’ S/:A/Q_:UQ/
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RS, solution, characterization

ht = 7(X)

el - the conditional expectation of X with respect to the new
measure.

we have also the equality of two solutions h = h.
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New measure

af _ 17 M
dP — 1L My’
with
Mi _ mq[1(Xe € dx, Vi € dy)di ]
M+

Tt [d1]Er11(X; € dx, Yi € dY) ,_x, v,
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Le Breton
Viot,
Kleptsyna Property

m with respect to the new measure P variables (Xp), t>1
are independent

m Y; does not depend on (Xs),s <t—1.

LEG and RS filtering

problem, resuit Wt[Jt] - %t[Jt]ﬂt[Mt]

it is not exactly the classical Bayes formula.
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Back to the initial measure - calculation rules

Auxiliary filtering problem
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e Breton

Viot, Y = (Y], Y?), such that

Kleptsyna
{ )/11 = Yt7
Y2 = Qi(X; — ht) + V Qe

LEG and RS filtering Where €= (E_t)t21 —a Sequence Of Ild N(O7 1) random
profem et variables independent of X

Auxiliary observations, I
& =2 q(Xs —hs) Y2,
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X
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Viot,
Kleptsyna u ﬁ-‘t(X) = 7_Tt,t—1 (Xt) — ﬁxg(ty t— 1)
with

m 7t 1(X) = E[X¢/D4 1] —the conditional expectation of
X

m Y (ht—1)= B
odel E[(X; — E[Xt/Vet-11)(Et—1 — Tt—1(£t=1))/Vt,1—1] - the
et conditional covariance

m 5t = E[(X¢ — E[X:/)+1])]? — the variance of the
filtering error

moofield Vg 1 =o({(Ys, Y?),1<s<t,1<r<t-1}).
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m Solve the LEG filtering problem: take h = 7(X).




Applying our solution to particular cases
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m Write equations for

m the variance of the filtering error 5, (f, t — 1);
m for the difference 7;(X) = 71— 1(X) — Axe(£).

m Solve the LEG filtering problem: take h = 7(X).

(et,e1, t=1,2,...)is a sequence of i.i.d. standard
Gaussian random variables
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1
Xt:atX,,1+Dt2€t,t21; Xo=x,
Yi = At X + &

The solution of LEG filtering problem

— — Af — —

h[ = a,ht_1 + 1_"_:47?%[[\/1‘ = atAth,_1], t>1, ho =X,
= __ agﬁs—1 5 —

Ts = DS + 1+(A§71_Mosf1)73717 S Z 1, To = 0
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Xt =¢et+ Aep_q;t>1,
Yi = At Xt + &t

The solution of LEG filtering problem

A 1 —puQr_1 _ 2
> . =
1+(A1#Q[1)%17f_1, Yo =14 X,

= 1+A27[Yr 1= Arg by 1]+1+—'Alf:%,t>1 ho = x.

1+22 -

Yt =
hy
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=AXt+éer+ e gt >1,

observations contains AR(1)

Xi
Y = At Xi + 61+ Aepq;t> 1,
gt = bt€t_1 + gt
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Two problems, again

ALdcNil  For given positive symmetric deterministic 2 x 2 matrices
xponential

Criteria

e Q5,1 <s< T, letus set d¢(h) = (X; hr)<2 ( i?(; >
Viot,
Kleptsyna

“LEG setting”

ol

f— . 1
h=arg min —In
€Yt t21

N

“RS setting

LEG and RS
filtering
problems — A
bit more
general
setting

fvt:arggrréiyrl%m <]E[exp{ ®i(g) + gi }/ D,



Equality of two solutions, yes

Filtering with
Exponential
Criteria

I\.Ie.ptswa
The question

Does the equality h = A hold ?

LEG and RS

filtering
problems — A

bit more
general
setting
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The question

Does the equality h = A hold ?

One possible answer

Yes for degenerated matrices Q :
Q1=Qp=-Qp=-0,=Q
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B Al = ~ (3—v5)
r(T’t)_10(1—\/E)AT—(1+\/B)M’A_(3+\/§)'
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AT — Xt (8 —5)

(T, t) =10 A= .
(L) =10 e e v~ 31 vB)
LEG and RS
filtering
bimoe. [l RS problem, solution
eneral
gsJetting A T (X1) 1
h1 = 73, - — "

_1—|-’)/1 4
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A couple of unexplored cases

The non-linear setting

Equality of the solutions of the two problems for
non-Gaussian models

open
questions
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