
ON DIFFUSION PROCESSES WITH DRIFT IN Ld

Abstract. We investigate properties of Markov quasi-diffusion processes corresponding to elliptic operators L = ai jDi j +

biDi, acting on functions on Rd , with measurable coefficients, bounded and uniformly elliptic a and b ∈ Ld(Rd). We
show that each of them is strong Markov with strong Feller transition semigroup Tt , which is also a continuous bounded
semigroup in Ld0(Rd) for some d0 ∈ (d/2,d). We show that Tt , t > 0, has a kernel pt(x,y) which is summable in y to the
power of d0/(d0−1). This leads to the parabolic Aleksandrov estimate with power of summability d0 instead of the usual

d+1. For the probabilistic solution, associated with such a process, of the problem Lu = f in a bounded domain D⊂ Rd

with boundary condition u= g, where f ∈ Ld0(D) and g is bounded, we show that it is Hölder continuous. Parabolic version
of this problem is treated as well. We also prove Harnack’s inequality for harmonic and caloric functions associated with
such a process. Finally, we show that the probabilistic solutions are Ld0 -viscosity solutions.

1. Introduction

Let Rd be a Euclidean space of points x = (x1, ...,xd). For a fixed δ ∈ (0,1) define Sδ

as the set of d× d symmetric matrices whose eigenvalues are between δ and δ−1. Fix a
constant ‖b‖ ∈ (0,∞). We consider and discuss only uniformly nondegenerate processes
with bounded diffusion coefficient.
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Assumption 1.1. We are given a Borel measurable Sδ-valued function a= a(x) and a Borel
measurable Rd-valued function b = b(x) such that

‖b‖Ld(Rd) ≤ ‖b‖.

Define

Di =
∂

∂xi , Di j = DiD j, L = (1/2)ai j(x)Di j +bi(x)Di. summation (1.1)

The definition of time-homogeneous diffusion processes first appeared in the book by
Dynkin in 1963, [5], where he also constructs diffusion processes corresponding to elliptic
operators as in (1.1) with bounded and Hölder continuous coefficients, such that the matrix
(ai j(x)) is uniformly strictly positive.

If xt(x), t ≥ 0, is a family of continuous processes on Rd, parametrized by x ∈Rd, and the
family is a diffusion process corresponding to the above L in Dynkin’s sense, then, for any
bounded domain D⊂ Rd and smooth function u,

u(x) = Ex

[
u(xτD)−

∫
τD

0
Lu(xt)dt

]
,

where τD = τD(x) is the first exit time of xt(x) from D.
I took the above property as the definition of quasi-diffusion processes and in 1966 con-

structed such process under the assumptions that the matrix (ai j(x)) is uniformly strictly
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positive, is continuous and b is Borel bounded. The domain of definition of the correspond-
ing generator of the constructed process was also described, which provides the so-called
weak uniqueness of the process with this generator. Later on in 1973, ([7]), when Itô’s
formula was extended to W 2

p functions, it became obvious that the quasi-diffusion processes
corresponding to the operators satisfying the above mentioned condition are weakly unique.

Two years earlier Tanaka constructed Dynkin’s diffusion processes when b is also contin-
uous. No uniqueness was implied in his paper.

Quasi-diffusion processes are characterized by the property that, for any smooth function
u(x) and starting point x, the process

u(xt(x))−
∫ t

0
Lu(xs(x))ds

is a local martingale. Stroock and Varadhan (1969), [20], took the time-inhomogeneous
version of this property as the definition of diffusion process and proved existence and
weak uniqueness under the condition that a,b are bounded, a is uniformly continuous in
x uniformly in t, and a is uniformly nondegenerate. The proof of uniqueness is based on
the solvability of parabolic equations with coefficients depending only on time, a result
borrowed from PDE, and the estimate

Es,x

∫ 1

0
f (s+ t,xt)dt ≤ N

(∫ 1

0

∫
Rd
| f (s+ t,y)|p dtdx

)1/p

, (1.2)
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which is achieved by a quite clever argument. This argument, however, is heavily based on
the uniform continuity of a with respect to x.

In 1974 [8] I proved that estimate (1.2) holds true not only for solutions of stochastic
equations but also in the case that a,b are any progressively measurable bounded functions
such that a is uniformly nondegenerate. The method of proof is different from the one used
by Stroock and Varadhan (and the range of p is more restrictive).

Recall that the first quasi-diffusion strong Markov processes with bounded Borel b and
Borel uniformly nondegenerate a were constructed in [7]. This construction was carried over
to the case of time-inhomogeneous processes with jumps in [1]. A different approach again
when b is bounded, based on Krylov-Safonov estimates, is carried out in [2] and produced
a particular strong Markov process with strong Feller resolvent.

It is worth mentioning that with sufficiently regular diffusion matrix a and the drift which
is a generalized function of the type of the derivative of a measure generalized diffusion
processes are constructed in [17]. The case of time-dependent regular a and b summable
to powers which are different in t and x attracted a very extensive attention. In that
regard you can consult [22], [17], and references therein. Our main emphasis here is on
time-homogeneous b ∈ Ld(Rd) and Borel Sδ-valued a. For that matter, I do not know if all
results similar to given here hold in time-inhomogeneous case, say, with b ∈ Ld+1 (space in
(t,x)). Yet a strong Markov process is proved in [14] to exist in this case.
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In case b ∈ Ld we established in [13] the existence of a strong Markov quasi-diffusion
process corresponding to L. Our goal in this article is to investigate properties of just
Markov quasi-diffusion processes corresponding to L regardless of how they appeared or
were constructed.

In particular, we show that each of them is strong Markov with strong Feller transition
semigroup Tt , which is also a continuous bounded semigroup in Lp(Rd) for p ≥ d0, where
d0 ∈ (d/2,d). Our estimates imply that Tt has a kernel pt(x,y) which is summable with
respect to y to the power d0/(d0− 1). This leads to the parabolic Aleksandrov estimate
with power of summability d0 instead of usual d +1

For the probabilistic solution, associated with such a process, of the problem Lu+ f = 0
in a bounded domain D ⊂ Rd with boundary condition u = g, where f ∈ Ld0(D) and g
is Borel bounded, we show that it is Hölder continuous in D. Parabolic version of this
problem is treated as well. We also prove Harnack’s inequality for harmonic and caloric
functions associated with such a process. Finally we show that probabilistic solutions of the
corresponding elliptic equations are Ld0-viscosity solutions. In [21] you can find extensions
of some of our results to the case of time-inhomogeneous diffusions.

Some notation. For T,R > 0, (t,x) ∈ Rd+1 = {(t,x) : t ∈ R,x ∈ Rd} define

BR(x) = {y ∈ Rd : |y− x|< R}, BR = BR(0).
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2. Diffusions and Itô stochastic equations

Suppose that we are given a a quasi-diffusion process corresponding to L, that is, we are
given a continuous Markov process X = (xt ,∞,Mt ,Px) (the terminology taken from [5]) in
Rd such that for any x ∈ Rd and t ≥ 0

Ex

∫ t

0
|b(xs)|ds < ∞ (2.1)

and for any twice continuously differentiable function u with compact support

u(x) = Exu(xt)−Ex

∫ t

0
Lu(xs)ds.

Remark 2.1. These requirements would be unrealistic if b were only in Lp with p < d (see
[13]). Example b(x) =−cx/|x|2.

Define τR as the first exit time of xt from BR (equal to infinity if xt never exits from BR).
This notation τR is used throughout the talk.

Denote by Nt the σ-field in Ω generated by the events {ω : xs ∈ Γ} for all s≤ t and Borel
Γ⊂ Rd and let N̄x0

t be the completion of Nt with respect to (N∞,Px0).
Here is a start up result.
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Theorem 2.1. For any x0 ∈ Rd there exists a d-dimensional Wiener process wt such that
(wt ,N̄

x0
t ) is a Wiener process and Px0-(a.s.) for all t ≥ 0

xt = x0 +
∫ t

0

√
a(xs)dws +

∫ t

0
b(xs)ds. (2.2)

This theorem would be a simple consequence of Theorem 4.5.1 of [20] if b were supposed
to be bounded.

Theorem 2.1 allows us to use the results from [12], [13] one of which is here.

Theorem 2.2. For 0≤ s < t < ∞, x ∈ Rd, and n≥ 0 we have

Ex max
r∈[s,t]

|xr− xs|2n ≤ N(t− s)n, (2.3)

where N = N(n,d,δ,‖b‖).

Below d0 = d0(d,δ,‖b‖) ∈ (d/2,d) is taken from [13].

3. Strong Markov and strong Feller properties of X

Here is one of the basic results of this section. Its proof would be greatly simplified if
we knew that X is strong Markov. Then we would use stopping times. Instead we use
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randomized stopping. Set

Tt f (x) = Ex f (xt), Rλ f (x) = Ex

∫
∞

0
e−λt f (xt)dt =

∫
∞

0
e−λtTt f (x)dt.

Theorem 3.1. Let p ≥ d0, λ > 0, and f ∈ Lp(Rd). Then there exist α ∈ (0,1) and N,
depending only on p,d,δ, and ‖b‖, such that

|Rλ f (x)−Rλ f (y)| ≤ Nλ
(αp+d)/(2p)−1‖ f‖Lp(Rd)|x− y|α. (3.1)

The following is an immediate and well-known consequence of just continuity of Rλ f (x)
with respect to x (see, for instance, Theorem I.8.11 in [3]).

Corollary 3.2. The process X = (xt ,N̄t+,Px) is strong Markov.

Note that strong Markov processes (xt ,N̄t ,Px) corresponding to L in case b is bounded
are constructed in [7] and strong Markov processes (xt ,N̄t+,Px) corresponding to L in case
b is bounded are constructed in [2]. We show that any Markov process corresponding to L
with b ∈ Ld is strong Markov with respect to N̄t+.

To prove that X is strong Feller we need the following generalization of a result of Lions
[16], proved in case b is bounded and p > d, which was generalized in [6] albeit when b = 0
but with p≥ d0.
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Theorem 3.3. For any p≥ d0 there are constants N and µ > 0, depending only on d, p,δ,
and ‖b‖, such that for any x, Borel nonnegative f given on Rd, and t > 0 we have

Tt f (x)≤ Nt−d/(2p)
(∫

Rd
e−pµ|x−y|/

√
t f p(y)dy

)1/p
. (3.2)

Corollary 3.4. For p≥ d0 such that p > d/2+1 there exists a constant N = N(p,d,δ,‖b‖)
such that for any T ∈ (0,∞) and nonnegative Borel f (t,x) given on [0,T ]×Rd we have

E0

∫ T

0
f (t,xt)dt ≤ NT (p−1)/p−d/(2p)‖ΦT f‖Lp([0,T ]×Rd), Φt(x) = exp(−µ|x|

√
t). (3.3)

Remark 3.1. Observe that the usual parabolic Aleksandrov estimate gives (3.3) with p ≥
d+1. We were able to reduce p because a is independent of t. Also note that in [8] there is
an example showing that (3.3) and (3.2) generally (when a is independent of t) fail to hold
for any fixed p < d if δ can be chosen small enough.

Corollary 3.5. For q ≥ p ≥ d0 there exists a constant N = N(p,q,d,δ,‖b‖) such that for
any t > 0 and nonnegative Borel f

‖Tt f‖Lq(Rd) ≤ Nt(d/2)(1/q−1/p)‖ f‖Lp(Rd).

Remark 3.2. The fact that the semigroup Tt is bounded in Lp, which follows from Corollary
3.5 with p = q , should not look very surprising and follows by self-similarity from the
boundedness of T1 (which, however, is not trivial).
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Theorem 3.6. The process X is strong Feller in the sense that for any bounded Borel f
given on Rd the function Tt f (x) is continuous on (0,∞)×Rd.

4. Estimating time spent in space-time sets of small measure

Here we present extensions to the case that b ∈ Ld of probabilistic versions of some PDE
results found in [15], [18], [11]. Set

CT,R = [0,T )×BR,

CT,R(t,x) = (t,x)+CT,R, CR(t,x) =CR2,R(t,x), CR =CR(0,0),
∂t = ∂/∂t.

Theorem 4.1. For any κ∈ (0,1) there exists γ∈ (0,1) and N, depending only on κ,d,δ,‖b‖,
such that for any R ∈ (0,∞), q ∈ (0,1), Borel Γ⊂CR(R2,0) satisfying |Γ| ≥ q|CR(R2,0)|, and
x ∈ BκR we have

GR(Γ,x) := Ex

∫
τR∧(2R2)

0
IΓ(t,xt)dt ≥ N−1q1/γR2. (4.1)

Corollary 4.2. For any κ ∈ (0,1) there exists N = N(d,δ,‖b‖,κ) such that, for any R ∈
(0,∞), x∈BκR, and closed set Γ⊂CR(R2,0), the probability that the process (t,xt) with x0 = x
reaches Γ before exiting from C2R2,R is greater than or equal to N−1(|Γ|/|CR|)µ−1/d0:

Px(τΓ < τ2R2,R)≥ N−1(|Γ|/|CR|)µ−1/d0, (4.2)
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where τΓ is the first time (t,xt) hits Γ, τ2R2,R is the first exit time of (t,xt) from C2R2,R,
µ = 1/γ, and γ is taken from Theorem 4.1.

Corollary 4.3. For any Borel nonnegative f vanishing outside CR(R2,0) and x ∈ BκR∫
CR(R2,0)

f 1/(2µ)(t,y)dydt ≤ NRd−1/µ
(

Ex

∫
τR2,R

0
f (t,xt)dt

)1/(2µ)
,

where N = N(d,δ,‖b‖,κ).

Theorem 4.4. Let p ∈ [d0,∞), u ∈W 1,2
p,loc(C2,1)∩C(C̄2,1), and c ∈ Lp(C2,1) c≥ 0. Then

(∫
C1,1(1,0)

|D2u|1/(2µ)dxdt
)2µ
≤ N sup

∂′C2,1

|u|+N
(∫

C2,1

|∂tu+Lu− cu|p dxdt
)1/p

, (4.3)

where ∂t = ∂/∂t, ∂′C2,1 = ∂C2,1 \ ({0}×B1), µ is taken from Corollary 4.2 and N depends
only on d,δ,‖b‖, p, and ‖c‖Lp(C2,1).

It is worth emphasizing that in (4.3) the restriction on p is p ≥ d0 and d0 < d. If a
depended on t, p would be > d.
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5. Harnack inequality, Hölder continuity of X-caloric functions, and
some other results

Safonov, [19], considered the case of the coefficients of L so regular that X-harmonic
functions are sufficiently smooth and gave the estimate of the Hölder norm of X-harmonic
functions and the estimate of the Harnack constant for them independent of the imposed
regularity of L in terms of only d,δ,‖b‖. We emphasize that ‖b‖ is a bound of the Ld-norm
of b. Our case is not covered by [19], since the origin of our X is unknown and it is unknown
if and in which sense it can be approximated by processes with regular coefficients.

Definition 5.1. If Q is a set in Rd+1 = {(t,x) : t ∈ R,x ∈ Rd} and u is a bounded Borel
function on Q, we call it caloric (relative to the process X) if for any (s,y) and T,R ∈ (0,∞)
such that C̄T,R(s,y)⊂ Q and any (t0,x0) ∈C :=CT,R(s,y) we have

u(t0,x0) = Ex0u(t0 + τC,xτC),

where τC is the first exit time of (t0 + t,xt) from C.
If D is a set in Rd and u is a bounded Borel function on D, we call it harmonic (relative

to the process X) if for any y and R ∈ (0,∞) such that B̄R(y)⊂D and any x ∈ BR(y) we have

u(x) = Exu(xτR(y)),

where τR(y) is the first exit time of xt from BR(y).
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Here is the statement of the Harnack inequality.

Theorem 5.1. Let θ > 1, let R ∈ (0,∞], and let u be a nonnegative caloric function in
C̄θR2,R. Then there exists a constant N, which depends only on θ, δ, ‖b‖, and d, such that

u(R2,0)≤ Nu(0,x) (5.1)

whenever |x| ≤ R/2.

Since harmonic function are also caloric we have the following.

Corollary 5.2. Let R ∈ (0,∞] and let u be a nonnegative harmonic function in B2R. Then
for any x,y ∈ BR we have u(x)≤ Nu(y), where N = N(d,δ,‖b‖).

In the next part of the section we deal with Hölder norm estimates for harmonic functions
and potentials. If z1 = (t1,x1) and z2 = (t2,x2), we define

ρ(z1,z2) = |x1− x2|+ |t1− t2|1/2 (5.2)

and call ρ(z1,z2) the parabolic distance between z1 and z2.

Lemma 5.3. Let R∈ (0,∞] and let u be a caloric function in C̄2R. Then there exist constants
N and

α0 ∈ (0,1),
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depending only on δ,d,‖b‖, such that, for any α ∈ (0,α0] and z1,z2 ∈CR, we have∣∣u(z1)−u(z2)
∣∣≤ NR−α

ρ
α(z1,z2)sup

(
|u|,C̄2R

)
. (5.3)

Theorem 5.4. Let R ∈ (0,∞), p ≥ d0, p > d/2+ 1, let g be a Borel bounded function on
C̄2R and f ∈ Lp(C2R). For (t0,x0) ∈C2R define

u(t0,x0) = Ex0

∫
γ2R

0
f (t0 + t,xt)dt +Ex0g(t0 + γ2R,xγ2R),

where γ2R is the first exit time of (t0+ t,xt) from C2R. Then there exists a constant N, which
depends only on p,d,‖b‖, and δ, such that∣∣u(z1)−u(z2)

∣∣≤ NR−β
ρ

β(z1,z2)
(

sup
C̄2R

|u|+R2−(d+2)/p‖ f‖Lp(C2R)

)
(5.4)

for z1, z2 ∈CR, where

β =
α(2p−d−2)

αp+2p−d−2
and α = α0(δ,d) is the constant from Lemma 5.3.

Corollary 5.5. Let R ∈ (0,∞), p ≥ d0, p > d/2+ 1, and let u ∈W 1,2
p (C2R). Define f =

∂tu+Lu. Then there exists a constant N, which depends only on p,d,‖b‖, and δ, such that
(5.4) holds for z1, z2 ∈CR with the same β as in (5.4).
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In the time-homogeneous situation we have a similar result.

Theorem 5.6. Let R ∈ (0,∞), p ≥ d0, let g be a Borel bounded function on B̄2R and f ∈
Lp(B2R). For x0 ∈ B2R define

u(x0) = Ex0

∫
τ2R

0
f (xt)dt +Ex0g(xτ2R),

(recall that τ2R is the first exit time of xt from B2R). Then there exists a constant N, which
depends only on p,d,‖b‖, and δ, such that∣∣u(x1)−u(x2)

∣∣≤ NR−α|x1− x2|α
(

sup
B̄2R

|u|+R2−d/p‖ f‖Lp(B2R)

)
(5.5)

for x1, x2 ∈ BR and α = α(d,δ,‖b‖) ∈ (0,1).

Corollary 5.7. Let R ∈ (0,∞), p ≥ d0, and let u ∈W 2
p (B2R). Define f = Lu. Then there

exists a constant N, which depends only on p,d,‖b‖, and δ, such that (5.5) holds for x1,
x2 ∈ BR with the same α as in (5.5).

We finish the talk by a result showing that the function u from Theorem 5.6 is an Ld0-
viscosity solution of the equation Lu =− f in B2R.
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Theorem 5.8. Let u be as in Theorem 5.6. Then for any φ ∈W 2
d0
(B2R) and any point

x0 ∈ B2R at which u−φ has local maximum we have

lim
ε↓0

esssup
Bε(x0)

(Lφ+ f )≥ 0. (5.6)
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