Prof. Kutoyants’ SAPS IV Dec 19-20, 2002, Univ. du Maine, Le Mans ——————–

Estimation for discretely observed diffusion process with jumps

Nakahiro YOSHIDA

Graduate School of Mathematical Sciences, University of Tokyo

—– Joint work (Sections 1-4) with Yasutaka Shimizu

Consider a d-dimensional diffusion process X_· with jumps defined by the SDE: � � dX_t = a(X_t, θ) dt + b(X_{t−}, σ) dW_t

+^∫_E c(X_{t−}, z, θ) (p − q^θ)(dt, dz) X_0 = x_0, � � where E = R^k \ {0}, α = (θ, σ) ∈ Ξ ⊂ R^{m1} × R^{m2} (parameter space) (W_t)_{t≥0} is a r-dimensional standard F_t-Brownian motion� p(dt, dz) is a time-homogeneous Poisson random measure on R_+ × R^k, q^θ(dt, dz) is its intensity measure.

We set

q^θ(dt, dz) = f_θ(z) dz dt.

One of the most simple but important examples of one dimensional case is wrriten as follows.

dX_t = ã(X_t, μ) dt + b̃(X_{t−}, σ) dW_t + c̃(X_{t−}, ϑ) dZ^ϑ_t , (1)

where Z^ϑ_· is a Lévy process with parameter ϑ. This belongs to the class of (1) with c(x, z, θ) = c̃(x, ϑ)z, a(x, θ) = ã(x, μ) +^∫_E c̃(x, ϑ)zf_ϑ(z) dz and θ = (μ, ϑ).

� � In this paper, we studied estimation of the parameter α = (θ, σ) from discrete observations. For this aim, we observe n+1 data (X_tn_i )_{0≤i≤n}, and show the consistency and asymptotic normality of an estimator under h_n → 0, nh_n → ∞, nh^2_n → 0. � � t^n_i = ih_n.

1 Notations and Assumptions We will introduce some notations .

1. We set α = (θ, σ)� and α_0, θ_0, σ_0 denotes the respective true values. 2. For κ = (κ_1, . . . , κ_d), ∂_{κj} := ∂ ∂κ_j

, ∂^2_{κj} :=

∂^2 ∂κ^2_j

, ∂^2_{κiκj} :=

∂^2 ∂κ_i∂κ_j , ∂_κ := (∂_{κ1}, . . . , ∂_{κd})^∗, and ∂^2_κf(κ) =^(∂^2_{κiκj} f(κ)^)_{1≤i,j≤d}, where * stands for the transpose.

3. For g which is a function defined on R^d × Ξ� we denotes by g_{i−1}(α) the value g(X_tn_{i−1}, α). 4. ΔX^n_i := X_tn_i − X_tn_{i−1}, ΔX_t := X_t − X_{t−}. 5. β(x, σ) := b(x, σ)b^∗(x, σ).

6. For a tensor A, |A|^2 is the sum of squares of the components of A.

7. Let u_n be a real valued sequense.

R : Ξ × R × R^d → R denotes a function for which there exists a constant C such that R(α, u_n, x) ≤ u_nC(1+|x|)^C for all α ∈ Ξ, x ∈ R^d, n ∈ N We set R̃(α, u_n, x) = 1 − R(α, u_n, x).

8. Let b_n be a real valued sequense such that b_n → ∞, nh^2_nb_n → 0, b_n nh_n

→ 0. For example h_n = n^{−2/3}, b_n = n^{1/4} etc. Moreover, we set ε_n = b^{−1/10}_n . 9. In the following discussion, if we write X, then it means the solution to (1) with α = α_0.

We make the following assumptions.

A 1 (i)(Lipschitz condition) For constant L, and function ζ(z) which is of polynomial growth in z, |a(x, θ_0) − a(y, θ_0)| + |b(x, σ_0) − b(y, σ_0)| ≤ L|x − y|, |c(x, z, θ_0) − c(y, z, θ_0)| ≤ ζ(z)|x − y|, (ii)(Linear growthness) |a(x, θ_0)|+|b(y, σ_0)| ≤ L(1+|x|), |c(x, z, θ_0)| ≤ ζ(z)(1+|x|) A 2 The diffusion process with jumps X is ergodic and stationary for α = α_0: if π(dx) is its invariant probability measure, the initial distribution is π and 1 T ∫ T 0 f(X_t) dt^P−→^∫ f(x) dπ, where f has π-integrability. Moreover we suppose that ∫ |x|^p π(dx) < ∞ for all p ≥ 0.

A 3 For each θ and x, the mapping z → y = c(x, z, θ) has an inverse z = c^{−1}(x, y, θ) which is differentiable with respect to y, and we set � � Ψ_θ(y, x) := f_θ^(c^{−1}(x, y, θ)^) J(x, y, θ), � � where J(x, y, θ) is an absolute value of Jacbian of c^{−1}(x, y, θ).

A 4 inf_{x,σ} det β(x, σ) > 0, inf_{x,θ} |c(x, z, θ)| ≥ c_0|z| (c_0 > 0), inf_θ λ(θ) > 0�Moreover we assume β is a positive definite.

A 5 The function a(x, θ), b(x, σ) are respectively twice continuously differentiable with respect to x for all θ, σ, and their derivatives are of polynomial growth in x uniformly in α for each component. Moreover a, b are respectively twice continuously differentiable with respect to their parameters for fixed x, and their all derivatives are also of polynomial growth in x uniformly in α for each component.

A 6 For fixed x, y, the function Ψ_θ(y, x) is three times continuously differentiable with respect to θ, for fixed θ, x, it is differentiable with respect to y, and, for fixed θ, y, it is differentiable with respect to x. Moreover, we assume that, for k = 0, 1, 2, l = 0, 1,

|∂^{k+l}_θ Ψ_θ(y, x)| ≤ L_1(y)(1 + |x|)^C, (2)

|∂_x∂^k_θ Ψ_θ(y, x)| ≤ L_2(θ, y), (3) where L_1, L_2 are bounded and dπ-integrable functions. Furthermore,

|∂_y∂^k_θ Ψ_θ(y, x)| ≤ C(1 + |y|)^C(1 + |x|)^C, (4) ∫ sup_θ^|∂^{k+l}_θ log Ψ_θ(y, x)Ψ_{θ0}(y, x)^| dy ≤ C(1 + |x|)^C. (5) A 7 For arbitrary p ≥ 0, h > 0, sup_t E[|X_t|^p] < ∞.

A 8 We suppose the identifiability as follows.

det β(x, σ) = det β(x, σ_0) =⇒ σ = σ_0, a(x, θ) = a(x, θ_0) Ψ_θ(y, x) = Ψ_{θ0}(y, x)

=⇒ θ = θ_0.

A 9 There exists some constants r, M > 0, γ > 3 such that sup_θ f_θ(z)1_{{|z|≤r}} ≤ M|z|^γ, and sup_θ^∫ |z|^pf_θ(z) dz < ∞ for all p ≥ 0.

A 10 A seaquence of real valued functions {φ_n(x, y)}_{n∈N} satisfies following properties: For fixed n, 0 ≤ φ_n ≤ 1 and φ_n → 1 dy × dπ-a.s. There exists some M > 0 such that,

φ_n(x, y) =

1 (x, y) ∈ { inf_{θ∈Θ} Ψ_θ(y, x) > M } 0 (x, y) ∈ { inf_{θ∈Θ} Ψ_θ(y, x) ≤ ε_n } Moreover,

sup_{x,y} |∂_xφ_n|, sup_{x,y} |∂_yφ_n| ≤ O(ε^{−1}_n ), (6)

and, on { inf_{θ∈Θ} Ψ_θ(y, x) ≤ ε_n } , ∂_xφ_n = 0, ∂_yφ_n = 0. (7) Let us give some examples of Ψ_θ(y, x) and check conditions in A6.

Example 1 We consider the following one-dimensinal stochastic differential equation.

dX_t = a(X_t) dt + b(X_{t−}) dW_t + c(X_{t−}, θ) dZ^θ_t , (8) where Z^θ_· is a Lévy process with Lévy density f_θ(z). We assume, for some M, K > 0,

c(x, θ) = 1 c , f_θ(z) = Mz^α(K − z)^β1_{{0≤z≤K}}, and θ = (c, α, β), where c < c_0, α, β > 3. Ψ_θ(y, x) = Mc(cy)^α(K − cy)^β, log Ψ_θ(y, x) = log M+(α+1) log c+α log y+β log(K−cy) Noticing the parameter space Θ is compact, it is easy to see from (2) to (4). Moreover all sup_θ^|∂^{k+l}_θ log Ψ_θ(y, x)Ψ_θ(y, x)^| are bounded.

Example 2 For SDE (8), we assume

c(x, θ) = 1 c , f_θ(z)1_{{|z|≤M}} = e^{− γz} 1_{{|z|≤M}}.

and θ = (c, γ), where c < c_0, γ > 0. For simplicity, we suppose that supp(f_θ) ⊂ R_+ and f_θ is symmetric with respect to some axis. Under these condition, it is enough to check A6 neighborhood of the origin. Then, on the set {|z| ≤ M} for some M > 0,

Ψ_θ(y, x) = e^{− γcy} , log Ψ_θ(y, x) = − γ cy . It is also easy to see A6.

Example 3 For SDE (8), we assume

c(x, θ) = 1 c , f_θ(z) = α^β Γ(β) z^{β−1}e^{−αz}, and θ = (c, α, β), where c < c_0, α > 0, β > 4. Then Ψ_θ(y, x) = α^β Γ(β)

(cy)^{β−1}e^{−αcy}, log Ψ_θ(y, x) = β log α − log Γ(β) + (β − 1) log cy − αcy. If β is known, then

|∂^{k+l}_θ Ψ_θ(y, x)|, |∂_x∂^k_θ Ψ_θ(y, x)|, |∂_y∂^k_θ Ψ_θ(y, x)|, are all dominated by C (1 + | log y|) y^{β′}e^{−α′y} for some C > 0, β^′ > 3, α^′ > 0, so from (2) to (3) are satisfied. Moreover we obtain

sup_θ^|∂^{k+l}_θ log Ψ_θ(y, x)^| ≤ C (1 + |y| + | log y|) .

2 The construction of the contrast function For 2 γ + 1

≤ ρ < 1 2 , we define the contrast function l_n(α) as follows� l_n(α) = l̄_n(θ, σ) + l̃_n(θ), where l̄_n(α) = − 1

2h_n n∑ i=1 (X̄_{i,n})^∗(θ)β^{−1}_{i−1}(σ)X̄_{i,n}(θ)1_{{|ΔX}n_{i |≤h}ρ_{n}} −^{n∑}_{i=1} 1 2 log detβ_{i−1}(σ)1_{{|ΔX}n_{i |≤h}ρ_{n}}, l̃_n(θ) =^{n∑} i=1 { log Φ_n(θ, X_tn_{i−1}, ΔX^n_i )^} φ_n(X_tn_{i−1}, ΔX^n_i )1_{{|ΔX}n_{i |>h}ρ_{n}} − h_n^{n∑}_{i=1}^∫ Φ_n(θ, X_tn_{i−1}, y) dy, X̄_{i,n}(θ) = X_{tni} −X_{tni−1}−h_na_{i−1}(θ), Φ_n(θ, x, y) = Ψ_θ(y, x)φ_n(x, y),

3 Asymptotic properties

Theorem 1 (Yasutaka Shimizu and Yoshida 2002) Under the assumption from A1 to A10 and if nh_n → ∞ as n → ∞� the statistic α̂_n which satisfies l_n(α̂_n) = sup_{α∈Ξ} l_n(α)

has the consistency for the true value: α̂_n^P−→ α_0 (n → ∞).

If, in addition, nh^2_n → 0 and the true value α_0 is in the interior of Ξ� (√ nh_n(θ̂_n − θ_0), √ n(σ̂_n − σ_0)^{) d}−→ N (0, K^{−1}), where

K :=

K_1 0

0 K_2 ,

K^{(p,q)}_1 =^∫ (∂_{θp}a)^∗β^{−1}(∂_{θp′} a)(x, α_0) dπ +^{∫∫}

∂_{θp}Ψ_{θ0}∂_{θp′} Ψ_{θ0} Ψ_{θ0}

(y, x) dy dπ,

K^{(p,q)}_2 = 1 2 ∫ tr[(∂_{σq} β)β^{−1}]tr[(∂_{σq′} β)β^{−1}](x, σ_0) dπ.

4 Comments

1. Here we discussed a “maximum likelihood” type estimator. To attain the natural asymptotic variance, we put a condition to the Lévy measure near zero. However, if we consider a particular M-estimator, it is possible to treat explosive Lévy measures. A similar methodology works.

2. Here the singular point of f_θ was only the origin. Generalization to the case where it has a singular set is possible.

3. Asymptotic expansion will be presented elsewhere. The general theory of asymptotic expasion for ϵ-Markov processes [Kusuoka and Yoshida (2000), Yoshida (2001), Sakamoto and Yoshida (1997∼)] or its version can apply to discrete sampling schemes.

5 Expansion for mixing processes: local approach

There exists a general expansion theory for ϵ-Markov processes with mixing property. Indeed, expansions appearing in the following sections were obtained by applying this theory. However, in this talk, we will devote our attention to stochastic differential equations than such a general setting.

5.1 Expansion for moment estimator by Kutoyants and Y [13]

Consider a stationary diffusion process Y_t satisfying the stochastic differential equation

dY_t = S(Y_t) dt + σ(Y_t) dW_t, 0 ≤ t ≤ T (9)

and an nonparametric estimator for the expectation θ = E[F (Y_0)]. Then

θ̂_T = 1 T ∫ T 0 F (Y_t)dt

is asymptotically normal and asymptotically efficient in the nonparametric situation.

Theorem 2 Let k ∈ N, and let M, γ, K > 0. Suppose that F : R → R is not a constant. Then (1) there exist constants δ > 0 and c > 0 such that for h ∈ E(M, γ), | | |E^[h^( √ T^(θ̂_T − θ^{))]} − Ψ_{T,k}[h]^| ≤ cω(h, T^{−K} ) + ϵ^{(k)}_T ,

where ϵ^{(k)}_T = o(T^{−(k+δ)/2}). Here E(M, γ) = {h : R → R, measurable, |h(x)| ≤ M(1 + |x|)^γ (x ∈ R). (2) The signed-measure dΨ_{T,1} has a density dΨ_{T,1}(z)/dz = p_{T,1}(z) with

p_{T,1}(z) = ϕ(z; 0, κ^{(2)}_T ) 1 + 1 6 κ^{(3)}_T h_3 ( z; κ^{(2)}_T ) , where κ^{(r)}_T is the r-th cumulant of √ T^(θ̂_T − θ^). Moreover, if q, [q]^2− < [q]^2, f > belongs to C, then p_{T,1}(z) = p^∗_{T,1}(z) + R_T (z), where p^∗_{T,1}(z) = ϕ(z; 0, I^{−1}_∗ )(1 + 1 2 √ T E^{[[}[q]^{2]} [q] (ξ)^] h_3(z; I^{−1}_∗ )) and lim_{T →∞} √ T sup_{z∈R}^{|R_T (z)| exp(bz^2)^} = 0

for some positive constant b. In particular, |E^[h^( √ T^(θ̂_T − θ̂^{))]} −^∫_R h(z)p^∗_{T,1}(z)dz| ≤ cω(h, T^{−K} ) + ϵ̃_T for any h ∈ E(M, γ), with ϵ̃_T = o(1/ √ T ).

5.2 Asymptotic expansion for stochastic differential equations � � SDE with jumps:

Y_t = Y_0 +^{∫ t}_0 A(Y_{s−})ds +^{r∑}_{β=1}^{∫ t}_0 B_β(Y_{s−})dw^β_s

+^{m∑}_{γ=0}^{∫ t}_0^∫_{Eγ} C_γ(Y_{s−}, v^γ)μ̃(ds, dv^γ)

Z_t = Z_0 +^{∫ t}_0 A^′(Y_{s−})ds +^{r∑}_{β=1}^{∫ t}_0 B^′_β(Y_{s−})dw^β_s

+^{m∑}_{γ=0}^{∫ t}_0^∫_{Eγ} C^′_γ(Y_{s−}, v^γ)μ̃(ds, dv^γ).

Coefficients may degenerate. � � Note: The nonparametric estimation problem in 5.1 is an example. � � Assumptions.

[A1] Mixing condition for Y . [A2] Moment condition.

[A3] Malliavin calculus: local nondegeneracy of (Y_v, Z_v − Z_u) given Y_u. � �

� � Theorem. (Kusuoka and Y., Y.)

[A1] + [A2] + [A3] ⇒ asymptotic expansion of E[f(Z_T / √ T )] for measurable f. � � Asymptotic expansion of E[f(Z_T / √ T )]

Let Δ_T (f) :=^|P^[f^{( 1√}_T Z_T^{)]} − Ψ_{T,p} [f]^| . We want to obtain the following inequality:

Δ_T (f) ≤ M^∗[ω_2^(f; T^{−K}, ϕ(x; 0, u_T I_d)dx^) + ō(T^{−(p−2+δ∗)/2})].

5.3 How to verify Condition [A3] corresponding to the “conditional type Cramér condition”?

1. Hörmander condition

2. Other nondegeneracy condition for densities

3. Local nondegeneracy with support theorems

An application to a financial model (with Hiroki Masuda) Let X_t be a positive stationary Ornstein-Uhlenbeck process driven by a Lévy process Z_t, that is, the following stochastic differential equation is satisfied:

dX_t = −λX_tdt + dZ_t.

Furthermore, we assume the strong mixing property with exponential decay for X_t. Barndorff-Nielsen and Shephard (JRSS 2001) discussed a financial stochastic volatility model

dS_t = (μ + βX_t)dt + √ X_tdw_t.

Here S_t denotes the logarithm of the stock price at time t. The log-return of the stock price in the n-th period of length Δ is given by S̃_n(Δ) = S_{nΔ} − S_{(n−1)Δ}.

Let H_Δ = S̃_1(Δ) − E[S̃_1(Δ)]. Obviously, for each n, H_Δ/ √ Δ asymptotically has a normal distribution when Δ → ∞. Applying the previous result, we obtain an expansion of L{H_Δ/ √ Δ}. The first-order asymptotic expansion is given by the density

p_3(z) = ϕ(z; Σ_Δ)^[1 + 6^{−1}χ_{3,Δ}(z^3/Σ^3_Δ − 3z/Σ^2_Δ)^]

and χ_{3,Δ} = O(Δ^{−1/2}) has an explicit expression.

6 Sampling Problems: Small History and Prescriptions for Expansions � � Diffusion model.

dX_t = V_0(X_t, θ_1)dt + ϵV (X_t, θ_2)dw_t, t ∈ [0, T ] X_0 = x_0,

ϵ = 1 or ϵ ↓ 0.

Data: {X_{ih}}_{i=0,1,...,n}. � � � � 6.1 (h → 0)+(T = hn → ∞) case

• The first-order asymptotic properties were discussed in Prakasa-Rao [24, 25], Yoshida [47], Kessler [8].

• Shimizu and Yoshida [32] presented an estimating functional for a stochastic differential equation with jumps. The first-order properties have been proved in it.

• The asymptotic expansions will follow from a version of the local approach (Yoshida [54] and Sakamoto and Yoshida [30]). � �

� � 6.2 (fixed h)+(T = hn → ∞) case

• This case was treated in Bibby and Sørensen [1].

• Masuda [14, 15] proved the asymptotic normality of the moment estimator for a state space model involving jump noise terms.

• In each case, the asymptotic expansion will follow as in Section 6.1. � � � � 6.3 (h → 0)+(fixed T = hn) case

• The first-order asymptotics for the diffusion coefficient was obtained by Genon-Catalot and Jacod [5].

• For the linearly parameterized case, the expansion of the estimator was derived in Yoshida [51].

• General case is open. � � � � 6.4 (fixed h)+(fixed T )+(small diffusion) case

• The first-order inference was discussed in Sørensen [33].

• Asymptotic expansion can be deduced from the global approach ( Sakamoto and Yoshida [29]) or from a version of Yoshida [50]. � �

� � 6.5 (h → 0)+(fixed T )+(small diffusion) case

• The first-order asymptotic results were obtained by Sørensen and Uchida [34], Uchida [39, 40].

• Local asymptotic normality was proved by Uchida [41].

• The martingale expansion method ([51, 53]) can apply to derive asymptotic expansions.

• Small dispersion parameter (Condition ϵ ↓ 0) can be removed to keep identifiability in the limit by making a Berry-Esseen type bound which one obtains by a similar technique to the martingale method. � �

References

[1] Bibby, B. M., Sørensen, M.: Martingale estimating functions for discretely observed diffusion processes. Bernoulli 1, 17-39 (1995)

[2] Bichteler, K., Gravereaux, J.-B., Jacod, J.: Malliavin calculus for processes with jumps. New York London Paris Montreux Tokyo: Gordon and Breach Science Publishers 1987

[3] Bose, A.: Berry-Esseen bound for the maximum likelihood estimator in the Ornstein-Uhlenbeck process. Sankya 48, Ser. A, Pt. 2, 181-187 (1986)

[4] Dermoune, A., Kutoyants, Yu. A.: Expansion of distribution function of maximum likelihood estimate for misspecified diffusion type observations. Stochastics and Stochastic Reports 52, 121-145 (1995)

[5] Genon-Catalot, V., Jacod, J.: On the estimation of the diffusion coefficient for multidimensional diffusion processes. Ann. Inst. Henri Poincaré Probab. Statist. 29, 119-151 (1993)

[6] Kashiwakura, K., Yoshida, N.: Asymptotic and hybrid expansions. in preparation (2001)

[7] Kashiwakura, K., Sørensen, M., Yoshida, N.: Random Limit Expansion for Small Diffusion Processes. in preparation (2002)

[8] Kessler, M.: Estimation of an ergodic diffusion from discrete observations.

Scand. J. Statist. 24, 211-229 (1997)

[9] Kim, Y.J., Kunitomo, N.: Pricing Options Under Stochastic Interest Rates. Asia Pacific Financial Markets, 6, 49-70. (1999)

[10] Kunitomo, N., Takahashi, A.: On Validity of the Asymptotic Expansion Approach in Contingent Claim Analysis. Discussion Paper No.98-F- 6, Faculty of Economics, University of Tokyo. (1998)

[11] Kunitomo, N. and Takahashi, A.: The Aysmptotic Expansion Approach to the Valuation of Interest Rate Contingent Claims. Mathematical Finance, 11, 117-151 (2001)

[12] Kusuoka, S., Yoshida, N.: Malliavin Calculus, Geometric Mixing, and Expansion of Diffusion Functionals. Prob. Theory Related Fields 116, 457-484 (2000)

[13] Kutoyants, Yu. A., Yoshida, N.: On Moments Estimation for Ergodic Diffusion Processes. preprint (2001)

[14] Masuda, H.: On moment estimation in a class of partially observed state space models. submitted. (2001)

[15] Masuda, H.: Stochastic volatility model �. (Moment estimation for stochastic volatility model) (in Japanese) MTEC Journal, 14, 3-22, MTB Investment Technology Institute Co., Ltd. (2001)

[16] Masuda, H.: GIG � � �GH � � � �. (Analysis of GIG and GH distributions) (in Japanese) Tokeisuri, 50, 2. 2002. to appear

[17] Masuda, H.: On multidimensional Ornstein-Uhlenbeck type processes.

submitted. (2001)

[18] Masuda, H., Yoshida, N.: Applications of the double Edgeworth expansion for filtering problem. in preparation. (2002)

[19] Masuda, H., Yoshida, N.: Asymptotic expansion in Ornstein-Uhlenbeck-based stochastic volatility models. (2002) in preparation.

[20] Mishra, M.N., Prakasa Rao, B.L.S.: On the Berry-Esseen bound for maximum likelihood estimator for linear homogeneous diffusion processes. Sankhya 47, Ser. A, Pt. 3, 392-398 (1985)

[21] Mykland, P.A.: Asymptotic expansions and bootstrapping distributions for dependent variables: a martingale approach. Ann. Statist. 20, No. 2, 623-654 (1992)

[22] Mykland, P.A.: Asymptotic expansions for martingales. Ann. Probab. 21, 800-818 (1993)

[23] Mykland, P.A.: Martingale expansions and second order inference. Ann.

Statist. 23, 707-731 (1995)

[24] Prakasa Rao, B.L.S.: Asymptotic theory for non-linear least square estimator for diffusion processes. Math. Operationsforsch. Statist. Ser. Statist., 14, 195-209 (1983)

[25] Prakasa Rao, B.L.S.: Statistical inference form sampled data for stochastic processes. Contemporary Mathematics, 80, 249-284, Amer. Math. Soc., Providence, RI (1988)

[26] Sakamoto, Y.: Asymptotic expansions of test statistics for mixing processes. preprint 2000

[27] Sakamoto, Y., Yoshida, N.: Expansion of perturbed random variables based on generalized Wiener functionals. J. Multivariate Anal., 59-1, 34- 59 (1996).

[28] Sakamoto, Y., Yoshida, N.: Third order asymptotic expansions for diffusion processes. Cooperative Research Report 107, 53-60, The Institute of Statistical Mathematics, Tokyo (1998)

[29] Sakamoto, Y., Yoshida, N.: Asymptotic expansion for M-estimators over Wiener space. Statistical Inference for Stochastic Processes, � 1, 85-103 (1998)

[30] Sakamoto, Y., Yoshida, N.: Higher order asymptotic expansions for a functional of a mixing process and applications to diffusion functionals. unpublished manuscript (1999)

[31] Sakamoto, Y., Yoshida, N.: Asymptotic expansion for cluster processes.

(2001)

[32] Shimizu, Y. and Yoshida, N.: Estimation of diffusion process with jumps from discrete observations. (2002) (Master disseration of Yasutaka Shimizu 2003)

[33] Sørensen, M.: Small dispersion asymptotics for diffusion martingale estimating functions. Preprint No. 2000-2, Department of Statistics and Operations Research, University of Copenhagen. submitted (2000)

[34] Sørensen, M., Uchida, M.: Small diffusion asymptotics for discretely sampled stochastic differential equations. Preprint No. 2002-3, Department of Statistics and Operations Research, University of Copenhagen. submitted (2002)

[35] Sørensen, M., Yoshida, N.: Random limit expansion for small diffusion processes. unpublished manuscript (2000)

[36] Takahashi, A.: An Asymptotic Expansion Approach to Pricing Contingent Claims. Asia-Pacific Financial Markets 6, 115-151 (1999)

[37] Takahashi, A., Yoshida, N.: Asymptotic Expansion Scheme for Optimal Portfolio. submitted (2001)

[38] Takahashi, A., Yoshida, N.: The asymptotic expansion approach with Monte-Carlo similations. submitted (2002)

[39] Uchida, M.: Estimation for dynamical systems with small noise from discrete observations. Preprint No. 2002-4, Department of Statistics and Operations Research, University of Copenhagen. submitted (2002)

[40] Uchida, M.: Estimation for discretely observed diffusion processes with small dispersion parameter. preprint (2002)

[41] Uchida, M.: Local asymptotic normality for discretely observed diffusion processes with small noise. in preparation (2002)

[42] Uchida, M., Yoshida, N.: Information criteria in model selection for mixing processes (2001) in Statistical Inference for Stochastic Processes

[43] Uchida, M., Yoshida, N.: Asymptotic expansion and information criteria.

submitted (1999)

[44] Uchida, M., Yoshida, N.: Information criteria for small diffusions via the theory of Malliavin-Watanabe. submitted (1999)

[45] Yoshida,N.: Asymptotic expansion for small diffusion -an application of Malliavin-Watanabe theory. Research Memorandum 383, The Institute of Statistical Mathematics 1990

[46] Yoshida, N: Asymptotic expansion for small diffusions via the theory of Malliavin-Watanabe. Prob. Theory Related Fields. 92, 275-311 (1992)

[47] Yoshida, N.: Estimation for diffusion processes from discrete observation.

J. Multivariate Anal. 41, 220-242 (1992)

[48] Yoshida,N.: Asymptotic expansion for statistics related to small diffusions. J. Japan Statistical Society, 22, No. 2, 139-159 (1992)

[49] Yoshida,N.: Asymptotic expansion of Bayes estimators for small diffusions. Probab. Theory Relat. Fields 95, 429-450 (1993)

[50] Yoshida, N.: Asymptotic expansions for perturbed systems on Wiener space: maximum likelihood estimators. J. Multivariate Anal. 57, 1-36 (1996)

[51] Yoshida, N.: Malliavin calculus and asymptotic expansion for martingales. Probab. Theory Relat. Fields 109, 301-342 (1997)

[52] Yoshida, N.: Malliavin calculus and statistics. In: S. Kotz et. al. (eds.)

Encyclopedia in Statistics Vol. 3 (1998) [53] Yoshida, N.: Malliavin calculus and martingale expansion. Bull. Sci.

math. 125, 431-456 (2001) [54] Yoshida, N.: Partial mixing and conditional Edgeworth expansion for diffusions with jumps. preprint (2001) [55] Yoshida, N.: Conditional asymptotics. preprint (2001)